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PREFACE. 

In the present Treatise the Conic Sections are defined 
with reference to a focus and directrix, and I have 
endeavoured to place before the student the most 
important properties of those curves, deduced, as 
closely as possible, from the definition. 

The construction which is given in the first Chap- 
ter for the determination of points in a conic section 
possesses several advantages ; in particular, it leads at 
once to the constancy of the ratio of the square on the 
ordinate to the rectangle under its distances from the 
vertices ; and, again, in the case of the hyperbola, the 
directions of the asymptotes follow immediately from 
the construction. In several cases the methods em- 
ployed are the same as those of Wallace, in the 
Treatise on Conic Sections, published in the Ency- 
clopcedia Metropolitana, 

The deduction of the properties of these curves 
from their definition as the sections of a cone, 'Seems 
h priori to be the natural method of dealing with the 
subject, but experience appears to have shewn that 



viii Preface. 

the discussion of conies as defined by their plane pro- 
perties is the most suitable method of commencing an 
elementary treatise, and accordingly I follow the 
fashion of the time in taking that order for the treat- 
ment of the subject. In Hamilton's book on Conic 
SectionSy published in the middle of the last century, 
the properties of the cone are first consideM and 
the advantage of this method of commencing the ' 
subject, if the use of solid figures be not objected to, 
is especially shewn in the very general theorem of 
Art. (150). I have made much use of this treatise, 
and, in fact, it contains most of the theorems and 
problems which are now regarded as classical propo- 
sitions in the theory of Conic Sections. 

I have considered first, in Chapter I., a few simple 
properties of conies, and have then proceeded to the 
particular properties of each curve, commencing with 
the parabola, as in some respects, the simplest form 
of a conic section. 

It is then shewn, in Chapter YI., that the sections 
of a cone by a plane produce the several curves in 
question, and lead at once to their definition as loci, 
and to several of their most important properties. 

A chapter is devoted to the method of orthogonal 
projection, and another to the harmonic properties 
of curves, and to the relations of poles and polars, 
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including the theoiy of reoiprocal polars for the par- 
ticular case in which the circle is employed as the 
auxiliary curve. 

For the more general methods of projections, of 
reciprocation, and of anharmonic properties, the stu- 
dent will consult the treatises of Chasles, Poncelet, 
Salmon, Townsend, Ferrers, Whitworth, and others, 
who have recently developed, with so much fulness, 
the methods of modem Qeometry. 

I have to express my thanks to Mr R. B. Wor- 
thington, of St John's College, and of the Indian 
Civil Service, for valuable assistance in the construc- 
tions of Chapter XI., and also to Mr E. Hill, Fellow 
of St John's College, for his kindness in looking over 
the latter half of the proof-sheets. 

I venture to hope that the methods adopted in 
this treatise will give a clear view of the properties 
of Conic Sections, and that the numerous Examples 
appended to the various Chapters will be useful as 
an exercise to the student for the further extension 
of his conceptions of these curves. 



W. H. BESANT. 



Cahbbidoe, 

March, 1869. 



PREFACE TO THE FOURTH EDITION. 



Fob this edition the text has been carefully revisecl, ^ 

some redundant examples have been removed, and 
fresh examples, taken chiefly from recent examination 
papers, have been inserted. 

A book of Solutions of the Examples has been 
prepared, in accordance with requests which have 
been received from many teachers, and will be issued 
with the present edition. 

W. H. BESANT. 

Sept. 1881. 



PREFACE TO THE EIGHTH EDITION. 



Fob this edition some slight alterations have been 
made, and some additional examples inserted. 

The Book of Solutions of the Examples has been 
also revised, and has been made to be in complete 
accordance with the present edition. 

W. H. BESANT. 

March, 1890. 
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CONIC SECTIONS 



INTRODUCTION. 



DEFINITION. 

IF a straight line and a point be given in position in 
a plane, and if a point moYe in a plane in such a 
manner that its distance from the given point always bears 
the same ratio to its distance from the given line, the curv^ 
traced out by the moving point is called a Ck)nic Sectioa 

The fixed point is called the Focus, and the fixed line 
the Directrix of the conic section. 

When the ratio is one of equality, the curve is called a 
Parabola. 

When the ratio is one of less inequality^ the curve is 
called an Ellipse. 

When the ratio is one of greater inequality, the curve is 
called an Hyperbola. 

These curves are called Conic Sections, because they 
can all be obtained from the intersections of a Cone by 
planes in different directions, a fact which will be proved 
hereaffcer. 

It may be mentioned that a circle is a particular case 
of an ellipse, that two straight lines constitute a particular 

B. 0. s. 1 
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case of an hyperbola, and that a parabola may be looked 
upon as the limiting; form of an ellipse or an hyperbola, 
under certain conditions of variation in the lines and 
magnitudes upon which those curves depend for their 
form. 

The object of the following pages is to discuss the 
general forms and characters of these curves, and to de- 
termine their most important properties by help of the 
methods and relations developed in the first six books, and 
in the eleventh book of Euolid, and it will be found that, 
for this purpose, a knowledge of Euclid's Qeometry is all 
that is necessary. 

The series of demonstrations will shew the characters 
and properties which the curves possess in common, and 
also the special characteristics wherein they differ from 
each other ; and the continuity with which the curves pass 
into each other will appear from the definition of a conic 
section as a Locus, or curve traced out by a moving point, 
as well as from the fact that they are deducible from the 
iMersections of a cone by a succession of planes. 



(3HAPTER i. 

PROPOSITION 1. 

The Construction qfa Conie SBction. 

1. np AKE J8 as the focos, and from S draw 8X at right 
X angles to the directrix, and intersecting it in the 
point X. 

Definition. This line SXy produced both ways, is 
called the Axis qf the Conic Section, 

In SX take a point A such that the ratio of SA to 
AX is equal to the given ratio ; then ^ is a point in the 
curve. 

Dbf. The point A is called the Vertex of the curve. 

In the directrix EX take any point E, join EA, and 
ES, produce these lines, and through S draw the straight 
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line SQ making with ES produced the same angle which 
ES produced makes with the axis SN, 

Let P be the point of intersection of SQ and EA pro- 
duced, and through P draw LPK^ parallel to NX, and 
intersecting J^/S' produced in L, and the directrix in JT. 




Then the angle PLS is equal to the angle LSN and 
therefore to PSL; 

Hence SP=PL, 

Also PL : AS :: EP : EA 

:: PK: AX; 

:. PL : PX :: ^^ : AX; 

and .'. aSP : PX :: -4/^ : JiX 

The point P is therefore a point in the curve required, 
and by taking for E successiye positions along the directrix 
we shall, by this construction, obtain a succession of points 
in the curve. 

If E be taken on the upper side of the axis at the 
same distance from X, it is easy to see that a point P will 
be obtidned below the axis, which will be similarly situated 
with regard to the focus and directrix. Hence it follows 
that the axis divides the curve into two similar and equal 
portions. 
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Another point of the cnrre, lying in the straight line 
KP, can be found in Uie following manner. 




Through S draw the straight line FS making the angle 
-R^JT equal to KSP, and let -FVy produced meet KP pro- 
duced in P'. 

Then, since JT/S' bisects the angle PSF, 

SP : SP :: rK : PK; 

/. SP : P'E :: SP : PK, 

and P' is a point in the curve. 

2. Dbf. The Eccentricity, The constant ratio qfthe 
distance from the focus qf any point in a conic section to 
its distance from the directrix is called the eccentricity 
of the conic section. 

The LaJtus Rectum,, If J? be so taken that EX is equal 
to SX, the angle PSN, which is 'double the angle LSN, 
and therefore double the angle ESXy is a right angle. 
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F«p, since BX^^SX, the angle ESX=SEX, and, the 
angle SX£ being a right angle, the sum of the two angles 
SEX, ESXj which is eqnal to twice ESX, is also eqnal to 
a right angle. 

Calling B the position of P in this case, produce RS to 
B\ so that RS^kS; then R' is also a point hi the curve. 

Def. The gtraighi Une RSB^ dravon through thefocu* 
cA right angles to the axU, and wtersecting the curve in R 
and Rfy i$ called the Latus Rectum. 

It is hence evident that the form of a conic section is 
determined by its eccentricity, and that its magnitude is 
determined by the magnitude of the Latus Rectum, which 
is given by the relation 

SR : 8X V. SA : AX. 

3. Def. The straight line PN (Fig. Art 1), drawn 
from any point P qfthe curve at right angles to the mxis, 
and intersecting the axis in N, is called the Ordinate qf 
the point P. 

If the line PN be produced to P' so that NR^NP, 
the line PNP' is a double ordinate of the curve. 

The latus rectum is therefore the double ordinate pa8»- 
ing through the focus. 

Def. The distance AN qf the foot of the ordinate 
from the vertex is called the Abscissa qfthe point P. 

Def. The distance SP is called the focal distanee of 
the point P. 

It is also described as the radius vector drawn from the 
focus. 

4. D^nition qfthe Tangent to a curve. 

If a straight line, drawn through a point P qf a 
curve, meet the curve again in P^, and if the straight line 
be tumtd round the point P until the point P' approaches 
ind^nitdy near to P, the ultimate position of the Hraight 
line is the tangent to the curve at P, 

Thus, if the straight line APP turn round P until the 
points P and P' coincide, the line in its ultimate position 
Pr is the tangent at P. 
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DxF. The normal cA any point of a curve tt tA« 
straight Hne drawn through the pcmt ai right angles to 
the tangent at that point 

Thus, in the fignre, PG is the nonsal at P. 

5. We haye now given a general method of oonstraoting 
a eonio section, aid we have explained the nomendature 
which is iisttaUy employed. We proceed to demonstrate a 
fbw of the properties which are common to all the conic 
sections* 

For the foture the word conic will be employed as an 
abbreyiation for conic section. 

Psop. II. //* the straight line joining two points 
P, P' qfa conic meet the directrix in Fy the straight Hns 
FS wiU bisect the angle between PS and P'S produced. 
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Draw the perpendiculars PK, PK*^ on the directrix. 

Then SP : SP" :: PK : PK, (Fig. Art 9) 

:: PF : P'F. 

Therefore FS bisects the outer angle, at S, of the tri- 
angle PSP". (Euclid, VL A.) 

Cob. If SQ bisect the angle PSP, it follows that FSQ 
is a right angle. 

6. Pbop. III. The 9traigM iine, drawn from the 
foeue to the point in which the tangent meets the directrix, 
is at right angles to the straight line draton from the focus 
to the point cf contact 

In the figure of Art. 6, let the point P' move along the 
curve towards P; then, as P approaches to coincidence 
with P, the straight line FPP' approximates to, and ulti- 
mately becomes, the tangent TP at P. But, when P' coin- 
cides with P, the line SQ coincides with SP, and the angle 
FSP, which is ultimately TSP, becomes a right angle. , 

Or, in other words, the portion of the tangent intercepted 
between the point of contact and the directrix, subtends 
aright angle at the focus. 

7. If a chord EAP be drawn through the vertex, and 
the point P be near the vertex, the angle PSA is small, 
and LSN which is half the angle 

PSN is nearly a right angle. 
The angle ASE is therefore 
nearly a right angle, and SEX 
is a small angle, and AES is, 
a fortiori, a sniall angle, and "Xi 
vanishes when ASE is a right 
angle. 

As P approaches to coinci- 
dence with A, the angle LSN 
becomes ultimately a right an- 
gle, and therefore ASE is ulti- 
mately a right angle. 

Hence the angle EAX which 
is the sum oi the angles AES, 
ASE, is a right angle when P 
coincides with A, 
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But, when P approaches to ooincidenoe with J, then 
EAP approzimatee to the position of, and ultimatcdy be- 
comes, the tangent at A. 

The tangent at the vertex it tJiertfore at right anglee to 
iheaxie, 

8. Pbop. IY. No ttraight line can meet a conie in 
more tJian ttoo points. 




Let P be a point in the curve, draw any straight line 
FP, join SFy and draw SQ at right angles to SF, Draw 
SP making the angle QSP" equal to QSP; then P" is 
a point in the curra For, since SF bisects the outer angle 
at^, 

SP : SP :: P'F : PF 

:: P'JT' : PJT; 

/. SP' : PK* :: SP : PK, 

and P' is a point in the curve. 

Also, there is no other point of the curve in the straight 
line PP. 

For suppose if possible P' to be another point and 
draw P'K" perpendicular to the directrix, 

then SP' : SP :: P'K" : PK 

:: P'F : PF\ 

therefore FS bisects the angle between PS and P"S pro- 
duced. 
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Bui FS bised» tke angle between PS and PS pro- 
duced, whick i» impossible unless P' coincides with P. 



9. Peop. Y. The tangents <U ihs end (\f a focal 
chord intersect in tUe directrix. 




'Fixt the line SF, perpendicular to SPj meets the direc- 
trix in the same point as the tangent at P; and, since 
FS\a abo at right angles to SP, the tangent at P' meets 
the directrix in the same point F, Conversely, if from any 
point F in the directrix tangents be drawn, the chord of 
contact, that is, the straight line joining the points of wm- 
tact, will pass through the foeos and will be at right angles 
to SF. 

Gob. Hence it follows that the tangents at the ends 
of the latus rectum pass through the foot of the directrix.' 

10. Pbop. YI. The straight lines joining the extremi- 
ties qf two focal chords intersect in the directrix. 

If PSp, PSp' be the two diords, the point in which PP 
meets the directrix is obtained by bisecting the angle PSP 
and drawing SF at right angles to the biseeting line SQ. 
But this line also bisects the angle pSp*; therefore ppf 
also passes through F. 

The line SF bisects the angle PaSJ^, and similarly, 
if QS produced, bisecting the angle pSp^, meet the direc- 
trix in F'y the two lines Pp\ Pp will meet in F\ 



Qmica! 



11 




It is obvious that the angle FSF^ is a right angle. 

OoB. If the Btraigfatliiie bisecting P^P" meet the cnire 
in q and ^ and Fq, Fq' be joined, l^ese lines will be the 
tangents at q and g'. (Prop, v.) 

Hence, if from a point F in the directrix tangents be 
drawn, and also any straight line FPP' cutting the curre 
in P and P", the chord of contact will bisect the angle 
P8P'. 



11. Prop. VII. Jf the tangent at any point P qf a 
eonie intersect the directrix in P, and the latue rectum 
produced in />, 

SD : SF :: SA : AX. 

Join SK; then, observing that FSP and FKP are right 
angleSi a circle can be described about FSPK^ and 
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therefore the angles SFD^ 
SKP are equal j^ 

Also the angle FSD 

s complement oi DSP 
=SPKi ^ 

:. the triangles FSD, SPK X. 
are similar, and 

SD : SF :: SP : PK 

:: SA : AX. 



Cob. (I). If the tangent at the other end P" of the 
focal choid meet the latos rectum in 2/, 

SJy : SF :: SA : AX; 
.'. SD^^SD". 

Cob. (2). If DE be the perpendicular from D upon 
SP, the triangles SDE, SFX are similar, and 

SB : SX :: SD : SF 
:: SA : AX 
:: SB : ^JT; 

.*. SB is equal to SR, the semi-latus rectum. 

12. Pbop. VIII. The tangents drawn from any 
point to a conic subtend equal angles at the focus. 

Let the tangents FTP, FTP at P and P' meet the 
directrix in F and F' and the latus rectum in D and D'. 

Join ST and produce it to meet the directrix in X; 
then XF : /^i) :: XT ; ^r 

:: XF : /SIX. 
Hence -KF : XF :: /SD : SD' 

:: aSF : /S'P' by Prop. VL 
.*. the angles TSF, TSF are equal. 
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But the angles FSP', F'SP are equal, for each is the 
complement of FSF* ; 

.-. the angles TSP, TSP' are equal. 

Gob. Hence it follows that if perpendiculars TAf, 
TM' be let fall upon SP and SP", they are equal in 
length. 

For the two triangles TSM^ TSM' have the angles 
TM8^ T8M respectively equal to the angles TM'Sy 
TSM^ and the side TS common ; and therefore the other 
sides are equal, 
and TM^ TM. 

13. Pbop. IX. If from any point Tin ths tangent 
at a point P of a eoniCj TM he dravon perpendicular to 
the focal distance SP, and TN perpendicular to the 
directrix, 

SM : TN :: SA : AX. 
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For, if PJT be perpendicular to the directrix and ^J^be 
joined, 

SMiSP 



/. SM : TN 



TF : FP 

TN : PK', 

SP \PK 

SA : AX. 



This theorem, which is due to Professor Adams, may 
be employed to prove Prop. ym. 

For if, in the figure of Art. (12), TM, TW be the per- 
pendiculars from T on SP and SP", and if TN be the 
perpendicular on the directrix, 8M and 8M' have each 
the same ratio to TNy and are therefore equal to one 
anotiier. 

Hence the triangles TSM^ TSM' are equal in all re- 
spects, and the angle PSP is bisected by ST. 

14. P&OP. X. To draw tangents from any poirU to a 
conic. 

Let T be the point, and let a circle l>e described 
about S9A centre, the radius of which bean to TN the 
iratio of SA : AX ; then, if tangents TM^ TM' be drawn to 
the circle the straight lines SMy SM^ produced if neces- 
sary, will intersect the conic in the points of contact of 
the tangents from T. 

15. Pbop. XI. IfPG the normal at P meet the maak 
^ihe come in Q^ 

SO : SP :: SA : AX. 




Let the tangent at P meet the directrix in F, and the 
latus rectum produced in D. 
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Then the angle SPG = the complement of 8PF=PF8, 
and the angle P8G^\hid complemeHt of F8X=FSD ; 
.'. the triangles SDFy SPG are similar, and 

SG : SP :: SD : SF :; SA : AX, by Prop. vn. 

16. Prop. XII. If a tangent be draton parallel to a 
chord of a conic, ths portion of this tangent which is 
intercepted by the tangents at the ends of the chord is 
bisected at the point qf contact. 




Let PP" be the chord, 7!P, TP" the tangents, and 
EQE' the tangent parallel to PP". 

Prom the focus S draw SP, SP' and SQ, and draw TM, 
TM' perpendicular respectively to SP, SP. 

Also draw from E perpendiculars EN, EL, upon SP, 
SQ, and from E" perpendiculars E'N', E'U upon SP* 
and^Q. 

Then, since EE is parallel to PP* 

TP : EP :: TP" : E'P\ 
but TP : EP ;: TM : EN, 
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TP" : JE'P' :: TAT : E'N'i 
:. TM : EN :: TAT : B'N'; 
but TM=> TM', Cor. Prop, vni ; 

Again, by the same corollary, 

EN=EL and EN-^B^L'\ 

• *. EIj '=■ EL y 

and, the triangles ELQ, EL'Q being similar, 

EQ=EQ. 

Cor. If TQ be produced to meet PP* in F; 
PV : EQ :: TV : 7*6, 
and PT : EQ :: TF : TQ; 

.'.PV^P'V, 
that is, PP' is bisected in V, 

HencSf if tangents be drawn at the ends qf any chord 
qf a conic, the point of intersection of these tangents^ the 
middle point qf the chord, and the point qfc(mtact of the 
tangent parallel to the cfiord, all lie in one straight line. 

17. Prop. XIII. The semi-latus rectum is the harmonic 
mean between the two segments qf any focal chord of a 
conic. 

Let PSP' be a focal chord, and draw the ordinates 
PN, P'N\ 

Then the triangles SPN, SP'N' are similar; 
/. 8P : SP' :: SN : SN' 

:: NX-SX : SX-N'X 
:: SP-SR : SB-SP", 
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rince SP, SR, SP' are proportional to NX, SX, and 

N'X. 

CoE. Since SP:SP-SB= SPJSP : SP. SF - SRSP; 

and SP : SB-SP'^SP.SP' : SB.SP-SP.SPy 

it follows that SB . PP'=2SP . SP\ 

Hence, if PSP, QSQ are two focal chords, it follows 
that PP' : QQf :: SP.8P' : SQ.SQ^. 

la Pbop. XIY. If from O^ ths point in which the 
normal at P meets the aanSy OL be drawn perpendicular 
to SP, the length PL is equal to the semi4attu rectum. 




Let the tangent at P meet the directrix in F, and join 
SF. 

Then PLG, PSF are similar triangles ; 
/. PL : LO :: SF : SP. 
Also SLG and SFX are similar triangles ; 

.-. LG : SX :: SG : SF. 
Hence PZ : SX :: /^O^ : SP 

:: /^^ : -4X, Art. (16), 
bnt SR : SX :: 5'^ : -4X, Art (2) ; 

/. PL=SB. 

19. P&op. XY. A focal chord is divided harmoni" 
colly at the focus and the point where it meets the 
directrix. 

Let PSF produced meet the directrix in P, and draw 
PXj FK perpendicular to the directrix, fig. Art 17. 

B. 0. 8. 2 
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Then FF : FF :: FK : F'K' 

:: SP : /S'P' 

:: FF-SF : SF-F'F; 

that iSy P J*, /S'jPy and P'/' are in harmonic progreAsion, and 
the line FF' is divided harmonically at S and F. 

20. Peop. XVI. J[ffrom any point Fin the directrix 
tangents he dranyn, and also any straight line FFF* 
cutting the Gwrve in F and F\ the chord FF* is divided 
hamwnicaUy at F and its point qf intersection with the 
chord of contact. 




For, if QSQf be the chord of contact, it bisects the 
angle FSF, (cor. Prop. VI.), and .-., if F be the point 
of intersection of SQ and FF^^ 

FF : FF :: SF . SF 

:: P'F: FV 

:: FF'-'FV : FV-FF, 

Hence FV is an harmonic mean between FF and FF. 

The last two theorems are particular cases of more 
general theorems, which will appear hereafter. 



EXAMPLES. 

I. Havino given a point P of a conio, the tangent at P, 
and the directrix, find the locua of the focus. 

^ 2. If PSQ be a fooal chord, and X the foot of the directrix, 
XP and XQ are equally inclined to the axis. 

^3. If a chord PQ meet the directrix in F, SP and SQ are 
equally inclined to SF. 

4. If PK be the perpendicular froni a point P of a conic on 
the directrix, and 8K meet the tangent at the vertex in Ef the 
angloB SPE, KPE are equal. 

^5. If the tailgent at P meet the directrix in i^ and the axis 
in Ty the angles KSF, FT8 are equal, r- ^'•; jj ^.s. -'.. 

'^ 6. PSP' is H focal chord, PN, FN' are'tke ordinates, and 
PK, P'K' perpendiculars on the directrix ; if KN^ KN' meet in 
X, the triangle LNN' is isosceles. 

^ 7. The focal distance of a point on a oonio is equal to the 
length of the ordinate produced to meet the tangent at the end 
of tile latus rectum. 

8. The normal at any point bears to the semi'latus rectum 
the ratio of the focal distance of the point to the distance of the 
focus from the tangent. 

9. Given the focus and directrix, and a tangent, find the 
point of contact. 

10. The chord of a conic is given in length ; prove that, if 
this length exceed the latus rectum, the distance from the di- 
rectrix of the middle point of the chord is least when the chord 
passes through the focus. 

II. The portion of any tangent to a conic, intercepted be- 
tween two fixed tangents, subtends a constant angle at the focus. 

12. Given two points of a conic, and the directrix, find the 
locus of the focus. 

18. From any fixed point in the axis a line is drawn per- 
pendicular to the tangent at P and meeting SP in i2 ; the locus 
of jB is a circle. 

14. If the tangent at the end of the latus rectum meet the 
tangent at the vertex in T^ AT=^AS. 

15. TP, TQ are the tangents at the points P, Q of a conic 
and PQ meets the directrix in JR\ prove that JiST is a right 
angle. 

2—2 
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16. SR being the 8erai>latu8 rectum, if RA meet the direo- 
trix in E^ and SE meet the tangent at the vertex in T^ 

AT^AS, 

17. If from any point T, in the tangent at P, TM be drawn 
perpendicular to 8Pt and TN perpendicular to the transverse 
axis, meeting the curve in R, SM=SR, 

18. If the chords PQ, P'Q meet the directrix in F and F', 
the angle FSF is half PSP'. 

19. If PN be the ordinate, PO the normal, and 6L the 
perpendicular from upon SP, 

GL : PN :: SA : AX, 

20. If normals be drawn at the ends of a focal chord, a line 
through their intersection parallel to the axis will bisect the 
chord. 

21. If PSp be a focal chord of a conic, Q any point of the 
conic, and if PQ„ pQ, meet the directrix in D and E^ DSE is a 
right angle. 

[This theorem includes, as particular cases, theorems subse- 
quently given in Articles 25, 27, 53, and 90.] 

22. If PSP* be a focal chord, and RR' the latus rectum, 

^SP,SP'=^RR:.PP'. 

23. If i? be the foot of the perpendicular let fall upon PSP' 
from the point of intersection of the normals at P and P , 

PE^SP'KadP'E=SP. 

24. If a circle be described on the latus rectum as diameter, 
and if the common tangent to the conic and circle touch the 
conic in P and the circle in Q, the angle PSQ is bisected by the 
latus rectum. (Refer to Cor. 2. Art. 11.) 

25. Given two points, the focus, and the eccentricity, 
determine tiie position of the axis. 

26. If a chord PQ subtend a constant angle at the focus, 
the locus of the intersection of the tangents at.P and Q is a conic 
-with the same focus and directrix. 

27. Pp is any chord of a conic, PO, pg the normals, 0^ g 
being on the axis ; GL, gl are perpendiculars on Pp ; shew that 
PL and pi are equal to one another. 



CHAPTER IL 



THE PARABOLA. 



Dkf. a parabola is the curve traced out by a point 
which moves in such a manner that its distance /i^om a 
given point is always equal to its distance from a given 
straight line. 

Tracing the Curve. 




21. Let 8 be the focus, EX the directrix, and SX the 
perpendicular on EX, Then, bisecting SX in Ay the point 
A is the vertex ; and, if from any point E in the directrix, 
EAP^ ESL be drawn, and from S the straight line SP 
meeting EA produced in P, and making the angle PSL 
equal to LSN, we obtain {as in Art (1)}, a point P in the 
curve. 



For 



and 



PL : PK :: SA : AX, 
.\PL=PX. 
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The Parabola, 



But SP = PL, and /. SP = PK, 

Again, drawing EP parallel to the axis and meeting in 
jP the line PS produced, we obtain the other extremity of 
the focal chord PSP. 

For the angle ESP" - PSL = PLS 

= SEP', 
and :.SP:=P'E, 

and Jf is a point in the parabola. 

The curve lies wholly on the same side of the directrix ; 




for, if P' be a point on the other side, and SN be perpen- 
dicular to PKy SP" is greater than P'N, and therefoi-e is 
greater than P'A". 

Again, a straight line parallel to the axis meets the 
curve in one point only. 

For, if possible, let P"' be another point of the curve in 
KP produced. 

Then ^P^PA'and a^P^-P^AT; 

/. PP'^SP^'-SP, 

or PP''+SP=SP\ 

which is impossible. 

Lantly, the curve has infinite branches; for, since 
PS= PK= PL, it follows that P is the centre of the circle 
passing through K, S, and L, and therefore the angle KSL 
iti a semicircle is a right angle ; hence it follows that, as E 
approaches JT, the point K moves away from JT, and there- 
fore the point P moves away from the axis, its distance 
becoming larger as the distance EX diminishes. Since 
ESK in a right angle the rectangle EX . KX is equal to 
SX^^ and therefore when EX is indefinitely small, KX is 
indefinitely laige. The curve therefore has two branches 
proceeding to infinity. 
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22. Pbop. I. Ths dUtanceflrom the/ocut qf a point 
inHde a parabola is lesi, and qfa paint ouUide it greater 
than its distance from the directrix. 

If Q be the point 
inside, let fall the per- -^ 
pendicular QPK on , 
the directrix, meeting ^ 
the curve in P, 



X 




Then SP+PQ>JSQ, 
hut JSP + PQ 

If Q' be outside, and 
between P and K, 

8Qf^PQ'>SP, 

li Q lie in PjK' produced, 

SQ'4.SP>Pi^, 
and .\S^:>KQr. 

23. FiBtoP. II. The Lotus Rectum ^4^ . AS. 

For if. Fig. Art 22, LSL' be the Latus Rectum, draw- 
ing LK^ at right angles to the directrix, we have 

LS=LK'^SX^2AS, 

:.LSL':=^4.AS. 

24. JHechanical construction qfthe Parabola. 

Take a rigid bar 
EKL, of which the por- 
tions EK^KL are at right 
angles to each other, and 
fasten a string to the 
end X, the length of 
which is LK. Then if 
the other end of the 
stnng be fastened to S^ 
and the bar be made to slide along the directrix, a pene!! 
at P, keeping the string stretched against the bar, will 
trace out a portion of a parabola. 



K 
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26. Pbop. III. If PN he the ordinate of a point P, 

PN^=4AS.AN. 

Draw the lines PAE^ ^ P Z, 

ESL, KPL, and join-^ 

1\l&cl8P^PL^PK, 
Hence iroZjand :,KSE, 
is a right angle, 
and EX . KX=SX* 

=AAS^\ 
also 

AN '. AX 







Pf 

PN i EX 

or AN : AS :: PN^ : EX . iTX, 

4AS.AN': 4AS^ :: PiV^ : 4AS^; 
/. PN^^AAS. AN 

26. GoDversely, if it be known that at every point of a curve 
the relation PN*=^4tAS. ^iV holds true, the curve is a parabola. 

In NA produced take AX equal to AS ^ draw EXK at right 
angles to XN, and KPL parallel to XN; also draw PAE, and ESL. 

Then Ay : AX :: PN : ^X, 

or JiV^ : AS :: />iV^« : EX . JTZ, 

but PN*^4AS.AN; 

.\EX,KX=4jLS*=^SXK 

Hence KSE, and .*. KSL, ifi a right angle, 
and, since SA=^AX, PL= PK, 

and therefore P ia the centre of the circle passing through 
Xt Sf and Jj, 

Hence it follows that SP=PK, which is the definition of a 
parabola. 

27. Prop. IV. If from the ends of a focal chord 
perpendiculars he let faU upon the directrix, the inter- 
cepted portion qf the directrix stUbtends a right angle at 
the focus. 

For, if the straight line through E parallel to the axis 
meet PS in P', P' is the other extremity of the focal 
chord PSy and, as in Art. 25, KSE is a right angle. 

Gob. Since ES bisects the angle ASP', Art. 21, it 
follows that XS bisects the angle ASF. 
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28. Prop. V. The tangent at any point P bisects the 
angle hettoeen tJye focal distance SP and the perpendicular 
PK on the directrix. 




Let F be the point in 
which the tangent meets the 
directrix, and join SF, 

We have shewn, (Art 6) 
that FSP is a right angle, 
and, since SP = PK, and PF 
is common to the right-angled 
triangles SPF, KPF, it fol- 
lows that these triangles are 
equal in all respects, and 
therefore the angle 

SPF=-FPK, 



In other words, the tangent at any point is equally 
inclined to the/ocal distance and the axis. 

Cob. It hafl been shewn, in Art. (9), that the tangents at 
the ends of a focal chord intersect in the directrix, and there- 
fore, if PS produced meet the curve in P', /7" is the tangent at 
jP', and bisects the angle between SP' and the perpendicular 
from P* on the directrix. 

29. Prop. VI. T/te tangents at the ends of a focal 
chord intersect at right angles in the directrix. , 

Let PSP' be the chord, and 
PFy P'F the tangents meeting the 
directrix in F, 

Let fall the perpendiculars PK, 
PlTymdiomSKySK'. 

The angle P'SK'-^iPSX 

=iSPK=SPF, 
,\ SK* is parallel to PF, 
and, similarly, ^JTis parallel to PF. 

But (Art 27) KSK' is a right angle ; 

.-. PFP' is a right angle. 
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30. Paop. VII. J[f the tangent at any point Pqf a para- 
hota meet theamiein T^and PNhethe ordinate qfP,ihen 

AT=AN. 

Draw PK perpen- 
dicular to the directrix. 

The angle SPT 
= TPK 
=PTS, 
:. ST=SP 
=^PK 




But 



and 



Def. 



ST^SA + AT, 

NX=--AN'hAX; 
.', since SA=^AX, 
AT=AN. 
The line NT is caUed the iub4angent 

The sub-tangent is therefore twice the abscissa of the 
point of contact. 

3 1 . Prop. VIII. The foot qf the perpendicular from 
thefocue on the tangent at any point P qfa parabola lies 
on the tangent at tlt/e vertex^ and the perpendicular is 
a mean proportional between SP and SA, 

Taking the figure of the previous article, join SK 
meeting PT in F. 

Then SP=PX, and PF is common to Uke two tri- 
angles ^P F, ^TP F; 

also the angle SP F= YPX; 
.-. the angle SYP=P FJT, 
and SYis perpendicular to PT. 

AlaoSY=XY,mdSA==AX,.\SY: YX::SA : AX, 
and ^ F is parallel to KX. 

Hence, ^ F is at right angles to AS, and is therefore 
the tangent at the vertex. 

Again, the angle aS'P Y=STY^SYA, and the triangles 
SP F, SYA are therefore similar; 

.-. SP : SY :: SY : SA, 

or SY^^SP .SA. 
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32. Pbop. IX. In the parabola the iubnarmai ii 
constant and equcU to the iemi4atu9 Rectum, 

Dbf. Ths distance between the foot qf the ordinate 
of P and the point in which the normal at P meete the 
aMs is called the subnormal. 
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In the figure PO is the normal and PTihe tangent 

It has been shewn that the angle SPK is bisected by 
PT, and hence it follows that SPL is bisected by PG, 

and that the angle SPG=GPL=PQS\ 

hence SG = SP=^ST 

=SA-^'AT=SA+AN 
^^AS^-SN; 
/. the subnormal NG = 2AS, 



33. Cob. If 01 be drawn perpendicular to SP, 
the angle OPl=^t\m complement of SPT, 
= the complement of STP, 
= PGN, 

and the two right-angled triangles OPN^ GPl have their angles 
eqaal and the side OP common ; hence the triangles are equal, 
and 

PI = NO =2 AS 

s=the 8emi4atus Rectum. 

It has been already shewn, Art. (18), that this property is a 
general property of all conies. 
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34. Prop. X. To draw tangents to a parabola from 
an external point. 

For this purpose we may employ the general construc- 
tion given in Art. (14), or, for the special case of the 
parabola, the following construction. 




Let Q be the external point, join SQ^ and upon SQ as 
diameter describe a circle intersecting the tangent at the 
vertex in Y and Y'. Join FQ, Y'Q ; these are tangents 
to the parabola. 

Draw SP, so as to make the angle YSP equal to YSA, 
and to meet YQ in P, and let fall the perpendicular. PN 
upon the axis. 

Then, SYQ is a right angle, since it is the angle in a 
semicircle, and, T being the point in which Q Y produced 
meets the axis, the two triangles SYP, SYT are equal in 
all respects;* 

.-. SP=ST, and YT= YP. 

But ^ Fis parallel to PN; 

:.AT=AN. 

Hence SP=ST=SA + AT 

=AX+AN 

=NX, 

and P is a point in the parabola. 

Moreover, if PK be perpendicular to the directrix, the 
angle SPY=STP=YPK, 

and P F is the tangent at P. Art. (28). 

Similarly, by making the angle Y'SP' equal Ui ASY\ 
we obtain the point of contact of the other tangent Q Y\ 
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36. Prop. XI. I/from a point Q tangents QP, QP' 
be drawn to a parabola, the two triangles S Q, SQP* are 
eimUary and SQ is a mean proportional between SP 
and SP . 




Produce PQ to meet the axis in T, and draw SY, ST* 
I)erpendicalarly on the tangents. Then Y and Y are 
points in the tangent at A. 



The angle 



SPQ^STY 
'=^SYA 
=^SQP\ 



since Sy F', Y, Q are points on a circle, and SYA, SQP" 
are in the same segment. 

Also, by the theorem of Art. (12), the angle 

PSQ^QSP"; 

therefore the triangles PSQ, QSP* are similar, and 

SP : SQ :: SQ : SP'. 

36. From the theorem of Art. 35 the following, which 
is often useful, immediately follows. 

If from any points in a given tangent qfaparabola, 
tangents he drawn to the curve, the angles which these 
tangents make with the focal distances i^f the points from 
which they a/re drawn are all equal. 
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For each of them, by the theorem, is equal to the aDgle 
between the given tangent and the focal difttance of the 
point of contact. 

37. Since the two triangles PSQ, QSP* are similari we 
have 



and 



PQ : P'Q :: 8P : SQ 
PQ : P'Q :: SQ : SP', 
.\PQ*:P'Q'^ ::SP:SP'; 



that is, the squares of the tangents from any point are pro- 
portional to the focal distances of the points of contact. 

This will be found to be a particular case of a subsequent 
Theorem. 

38. P&op. XII. The external angle between two tan- 
Stents is ha^fthe angle subtended at the focus by the chord 
of contact. 

Let the tangents at P and P intersect each other in Q 
and the axis ASN in T and T. 

Join SP, SP; then the angles SPT, STP are equal, 
and .-. STP is lialf the angle PSN\ similai-ly STP is 
half P8N. 




But TQT is equal to the difference between STP and 
STP', and is therefore equal to half the difference be- 
tween PSN and PSN, that is to half the angle PSP. 

Hence, joining SQ, TQT is equal to each of the angles 
PSQ, PSQ. 
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39. Pbop. XIII. The tangents draum to a parabola 
from any paint make the eame angles, reepeetively^ with 
the axis and the focal distance qfthe point. 




Let QPy QR be the tangents ; join SP, and draw QE 
parallel to the axis, and meeting SP in E. 

Then, if PQ meet the axis in T, the angle 

EQP=STP=SPQ 

^SQR. Art. (36). 

i e, QP and QP' respectiyely make the same angles 
with the axis and with QS. 

40. Conceive a parabola to be drawn passing through Q, 
having S for its focus, SN for its axis, and its vertex on the same 
side of iS as the vertex A of the given parabola. Then the normal 
at Q to this new parabola bisects the angle SQjS ; therefore the 
angles which QP and QP make with the norro%l at Q are equal. 

Hence the theorem, 

If from any point in a parabolaf tangenta be drawn to a 
confoccd and co-aseial parabola^ the normal at t/ie point wHl bUect 
ike angle between the tangents. 

In this enunciation the words co-axial and confocal are 
intended to imply, not merely the coincidence of the axes, but 
also that the vertices of the two parabolas are on the same side 
of their common focus. 

The reason for this will appear when we shall have discussed 
the analogous property of the ellipse. 
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41. Paop. XIV. The circle passing through the 
points qf intersection qf three tangents passes also through 
the focus. 




Let Qj P, ^ he the three points of contact, and 
F, Tf F' the intersections of the tangents. 

In Art (35) it has been shewn that, if FP^ FQ be tan- 
gents, the angle 

SQF=SFP. 

Similarly TQ, TQ" being tangents, the angle 

SQT=ST^, 

hence the angle SFF" or SFP^SQT, 

=STF\ 
and a circle can be drawn through S, F^ T, and F". 



42. Dbf. a straight line drmcn parallel to the axis 
through any point of a parabola is called a diameter. 
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Prop. XV. If from any point T tangenU TQ, TQ' he 
drawn to a parabola, the point Tie equidietant from the 
diameters parsing thrcmgh Q and Qf, and the diameter 
draum throicgh the point T bisects the chard qf contact. 

Join SQj SQ', and draw TM, TM' perpendicular re- 
spectively to SQ and S<i, 




Also draw NTIT perpendicular to the diameters 
through Q and Q', and meeting those diameters in N 
and N\ 

Then, since TS bisects the angle QSQ!, 

TM^ TM' ; 

and, since TQ bisects the angle SQN, 

TN^ TM, 

Similarly TN'= TM', 

.\ TN= TN\ 

Again, join QQ^, and draw the diameter TV meeting 
QQ in Vi also let QT produced meet QN' in R ; 

then QV : VQ :: QT : TR 

:: TN I TN\ 

since the triangles QTN, RTN' are similar ; 

:.QV=V<^, 

Hence the diameter throiigh the middle point qf a 
chord passes, when produced, through the point of inter" 
section qfthe tangents at the ends of the chord. 

It should be noticed that any straight line drawn 
through T and terminated by Q,N and Q^N" is bisected 
at T. 

B. C. S. 3 
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43. Pbop. XYI. Any diameter hUectt all chords 
parallel to the tangent at its eatremity, and passes through 
the point qf intersection of the tangents at the ends qf any 
qf these chords. 

Let QQ^ be a chord parallel to the tangent at P, and 
through the point of intersection T of the tangents at 
Q and Q' draw FTF' parallel to QQ' and terminated at 
F and F' by the diameters through Q and Q". 

Let the tangent at P meet TQ, TQ[ in i^ and E, and 
QF. qF in G^ and G\ 




Then 



EQ : TF 



EQ : TQ 
EQ! : TC^, 
WO' : TF\ 



But TFr= TF\ since, Art. (42), T is equidistant from 
QG and Q;G\ 

:.EG^E'G\ 

Also, EP=EG, since E is equidistant from QG and PK, 

/. EP=E'P and GP=PG'. 

Hence» P V being the diameter at P, 

Again, since T, P, F are each equidistant from the 
parallel straight lines QF, QF, it follows that TP F is a 
straight Ime, or that the diameter VP passes through T» 
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We have shewn that GE, EP, PE^ E'G are all equal, 
and we hence infer that 

EE'r=.\QG'^\Qfi'^ 

and consequently that TP=\ TV or that TP=PV. 

Hence it appears, that the diameter through the point 
qf intersection of a pair of tangents passes through ^ 
point qf contact qf the tangent parallel to the chord of 
contact, and also through the middle point qf the chord qf 
contact; and that the portion of the diameter between the 
point qf intersection of the tangents and the middle point 
qf the chord qf content is bisected at the point of contact 
qf the parallel tangent 

We may observe that in proving that EE is bisected 
at P, we have demonstrated a theorem already shewn, 
Art (16), to be true for all conies. 

44. Def. The line Q V, parallel to the tangent at P, 
and terminated by the diameter PV, is called an ordinate 
of that diameter, and QQf is the double ordinate. The 
point Py the end of ths diameter, is called its vertex. 

We observe that tangents at the ends of any chord 
intersect in the diameter which bisects the chord, and that 
the distance of this point from the vertex is equal to the 
distance of the vertex from the middle point of the chord. 

Dbp. The chord through the focus parallel to the 
tangent at any point is called the parameter qf the 
diameter passing through the point 

Prop. XVII. TTie parameter of any diameter is 
four times the focal distance qf the vertex qf that dia- 
meter. 

Let P be the vertex, and QSQ^ the parameter, Tthe 
point of intersection of the tangents at Q and Q', and 
FPF' the tangent at P. 

3—2 
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Then, since FS and F'S bisect respectively the angles 




PSQ, PSQ\ FSF is a right angle, and, P being the 
middle point of FF, SP=PF=PF\ 

Hence QQ', which is double FF\ is four times SP. 

45. Prop. XVIII. JlfQVQ'beadouMeordinaUofa 
diameter PV,QV is a mean proportional between PV 
and the parameter qf P. 




Let FPF' be the tangent at P, and draw the parameter 
through S meeting PVmU, 

The angle SUT^FPU^SPF", Art. 28; 
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and, since the angles SFQt SPF are equal (Art 35), it 
tbUowB that the angles 8FT, SPF are equal ; 

.*. SUT=SFT,63id 2718 a point in the circle passing 
through SFTF". 

Hence, QV being twice PF, 

QV*=^F^^^PU.PT; 

but PU=SP, 

for the angle SUP = FP Z7= SPF' = PSU ; 

and PT=PV, 

:.QV^^4SP.PV. 

46. Prop. XIX If QVQf he a double ordinate qf a 
diameter PVy and QD the perpendicular from Q upon 
P V, QD is a mean proportional between P V and the 
latt€8 rectum. 




Let the tangent at P meet the tangent at the vertex in 
Y, and join SY, 

The angle QFD=SPY=SYAy and therefore the 
triangles Q FD, SA Y are similar ; 

and QD' : QF« :: -4^ : SY^ 

:: AS^ : AS.SP 

:: AS : SP 

:: 4AS.PV: 4SP.PF, 

but QV^=4SP.PF; 

/. QD^=4AS.PF. 
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47. Pbop, XX. Jffrom any point, within or with- 
out a parabola, two straight lines he drawn in given 
directions and intersecting the curve, the ratio qf the 
rectangles of the segments is independent qf the position of 
the point, 

O 




From any point draw a straight line intersecting the 
parabola in Q and ^, and draw the diameter OE, meeting 
the curve in E, 

If P r be the diameter bisecting QC, and EU the 
ordinate, OQ.OQ = OV^^QV^ 

=EU*-QV*=^4SP.PU'-4JSP.PF 
=4SP.0E. 

Similarly, if ORR be any other intersecting line and P' 
the vertex of the diameter bisecting RIi\ 

OB,OBf=^SP'.OR 

.'. OQ.OQf : OB, OB" :: SP : /SP', 

that is, the ratio of the rectangles depends only on the 
positions of P and P', and, if the lines OQ^, OBB' are 
drawn parallel to given straight lines, these points P, P' 
are fixed. 

It will be easily seen that the proof is the same if the 
point O be within the parabola. 

If the lines OQQ\ OBB' be moved parallel to themselves 
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xmtil they become the tangents at P and P\ we shall then 
obtain, if these tangents intersect in T, 

Tpi : TP^ :: SP : SP, 

a result previously obtained (Art. 37). 

Again if QSq, RSR be the focal chords parallel to TP 
and TP', it follows that 

rppi . TTpa .. QS.SQ' : BS.SB', 
/., cor. Art. 17, TP» : TP^ :: QQ^ : RRf. 

48. Prop. XXI. If from a point 0, otOnde a paror 
bola, a tangent OM, and a chord OAB be dra/um, and if 
the diameter ME meet the chord in E, 

OE^^OA.OB. 




Let P be the point of contact of the tangent parallel to 
OAB, and let OM, ME meet this tangent in Tand F, 

Draw TF parallel to the axis and meeting P3f in V\ 

then OA.OB : OM^ :: TP^ : TM* (Art. 47), 

:: TF^ ; TM\ 

since PJlf is bisected in V\ 

also TF : TM :: OE : OM; 

/. 0E^= OA.OB. 
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Cor. If ALy BNbe the ordinates, parallel to Oif, of 
Ay and B, ML, MB, and MN are proportional to OA, OE 
and OB, and therefore 

ME^=ML.MN, 

This theorem may be also stated in the following form : 
If a chord AB of a parabola intersect a diameter in 
the point E, the distance qfthe point Efrom the tangent at 
tlie end qf the diameter is a mean proportional between 
the distances qf the points A and B from the same tan- 
geivt. 

49. Prop. XXII. Jf a circle intersect a parabola in 
four points, the two straight lines constituting any one of 
the three pairs qf the chords qf intersection are equally 
inclined to the axis. 

Let Q, C, R, R' be the four points of intersection ; 
then OQ.OQ'^OR.ORf, 

and therefore 8P, SP' are equal, Art (47). 




But, if SP, SP" be equal, the points P, P" are on 
opposite sides of, and are equidistant from the axis, and 
the tangents at P and P* are therefore equally inclined to 
the axis. 

Hence the chords Qff, RR', which are parallel to these 
tangents, are equally inclined to the axis. 
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In the same manner it may be shewn that QR, Qf^ 
are equally inclined to the axis, as also QE^, Q'R. 

50. Conversely, if two chords QQ^, RSf, which are not 
parallel, make equal angles with the axis, a circle can be drawn 
throngh QQf RR, 

For, if the chorda intersect in 0, and OE be drawn parallel 
to the axis and meeting the curve in E, it may be shewn as 
above that 

OQ . OQ' =4SP . OE and OR . OR'=^iSP' . OE, 
P and F^ being the vertices of the diameters biseotmg the 
chords. 

But the tangents at P and P\ which are parallel to the 
chords, are equally inclined to the axis, and therefore SP is equal 
ioSP', 

Hence OQ . 0^^ OR . ORf, 

and therefore a circle can be drawn through the points Q, Q', R^ R. 

If the two chords are both perpendicular to the axis, it is 
obvious that a circle can be drawn through their extremities, and 
this is the only case in which a circle can be drawn through the 
extremities of parallel chords. 



EXAMPLES. 

1. Find the locus of the centre of a circle which passes 
through a given point and touches a given straight line. 

^ 2. Draw a tangent to a parabola, making a given angle with 
the axis. 

*^. If the tangent at P meet the tangent at the vertex in F, 

A7*=A8,AN. 

^4. If the normal at P meet the axis in 0, the focus is equi- 
distant from the tangent at P and the straight line through O 
parallel to the tangent. 

5. Given the focus, the position of the axis, and a tangent, 
construct the parabola. 

"" 6. Find the locus of the centre of a circle which touches a 
given straight line and a given circle. 

^ 7. Construct a parabola which has a given focus, and two 
given tangents. 






42 Ths Parabola. 

^. J *" 8. The distance of any point on a parabola from the focus 
j^ is eqnal to the length of the ordinate at that point produced to 
\ meet the tangent at the end of the latos rectum. 

^9. PT being the tangent at P, meeting the ans in T, and 
PiV the ordinate, prove that TT.TP=TS. TN. 

^10. If 8E be the perpendicular from the focus on the normal 

at P, shew that 

SE^=AN.8P. 

"^ 11. The locus of the vertices of all parabolas, which have a 
common focus and a conunon tangent, is a circle. 

^ 12. Having given the focus, the length of the latus rectum, 
and a tangent, construct the parabola. 

""13. If PSP" be a focal chord, and PxV, P'N' the ordinates, 
shew that 

AN.Air^A^, 

Shew also that the latus rectum is a mean proportional between 
the double ordinates. 

- 14. The locus of the middle points of the focal chords of a 
parabola is another parabola. 

15. Shew that in general two parabolas can be drawn having 
a given straight line for directrix, and pattsing through two 
given points on the same side of the line. 

^ 16. Pp is a chord perpendicular to the axis, and the perpen- 
dicular from p on the tangent at P meets the diameter through 
P in jR ; prove that RP is equal to the latus rectum, and find the 
locus of jR. 

^17. Having given the focus, describe a parabola passing 
through two given points. 

^18. The circle on any focal distance as diameter touches the 
tangent at the vertex. 

19. The circle on any focal chord as diameter touches the 
directrix. 

20. A point moves so that its shortest distance from a given 
circle is equal to its distance from a given diameter of the ciitsle ; 
prove that the locus is a parabola, the focus of which coincides 
with the centre of the circle. 

21. Find the locus of a point which moves so that its shortest 
distance from a given circle is equal to its distance from a given 
straight line. 



Examplea. 43 

22. If APC be a sector of a circle, of which the radios 
CA is fizedi and a circle be described, touching the radii CA, 
CP^ and the arc AP, the locos of the centre of this circle is a 
parabola. 

^28. If from the foeos 8 ol % parabola, ST, SZ be perpen- 
diculars drawn to the tangent and normal at any point, YZ is 
parallel to the diameter. 

' 24. Prove that the locos of the foot of the perpendicular 
from the focus on the normal is a parabola. 

*^25. If PO be the normal, and GL the perpendicular from 
upon 8P, prove that OL is equal to the ordinate PN. 

" 26. Given the focus, a point P on the ourve^ and the length 
of the perpendicular from the focus on the tangent at P, find the 
vertex. 

^ 27. A circle is described on the latus rectum as diameter, 
and a common tangent QP is drawn to it and the parabola : shew 
that SP, SQ make equal angles with the latus rectum. 

28. is the foot of the normal at a point P of the parabola, 
Q is the middle point of SO, and X is the foot of the directrix : 
prove that 

QI^-QP^=AAS*. 

^ 29. If PO the normal at P meet the axis in 0, and if PF, 
PH, lines equally inclined to PO, meet the axis in F and H, the 
length 80 is a mean proportional between 8F and 8H, 

'' 80. A triangle ABC circumscribes a parabola whose focus is 
8, and through A, B, C, lines are drawn respectively perpen- 
dicular to SA, SB, 80 i shew that these pass through one point. 

" 81. If PQ be the normal at P meeting the curve in Q, and 
if the chord PR be drawn so that PB, PQ are equally inclined 
to the axis, PBQ is a right angle. 

""^ 82. PN is a semi-ordinate of a parabola, and ilif is taken 
on the other side of the vertex along the axis equal to AN; from 
any point Q in PN, QR is drawn parallel to the axis meeting the 
curve in R ; prove that the Hnes MR, AQ will intersect in the 
parabola. 

*^ 83. Having given two points of a parabola, the direction of 
the axis, and the tangent at one of the points, construct the 
parabola. 

84. Having given the vertex of a diameter, and a corre- 
sponding double ordinate, construct the parabola. 
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^ 35. PM is an ordinate of a point P ; a straight line parallel 
to the axis bisects PM^ and meets the curve in Q ; MQ meets 
the tangent at the vertex in T\ prove that ^AT=2PM. 

\ 36. A By CD are two parallel straight lines given in position, 
and ^ C7 is perpendicular to both, A and being given points ; 
in CD any point Q is taken, and m AQ^ produced if necessary, a 
point P is taken, such that the distance of P from il^ is equal 
to (?Q ; prove that the locus of P is a parabola. 

" 37. If the tangent and normal at a point P of a parabola 
meet the tangent at the vertex in K and L respectively, prove 
that 

KL* : SP^ :: SP-AS : AS. 

38. Having given the length of a focal chord, find its 
position. 

39. If the ordinate of a point P bisects the subnormal of a 
point P', prove that the ordinate of P is equal to the normal 
ofP'. 

^ 40. A parabola being traced on a plane, find its axis and 
vertex. 

^41. If PV, P'T be two diameters, and PT, PT ordinates 
to these diameters, 

py^^^FV, 

42. If one side of a triangle be parallel to the axis of a 
parabola, the other sides wUl be in the ratio of the tangents 
parallel to them. 

43. If PS'p^ QSq be focal chords, 

PS,Sp : QS.Sq :: Pp : Qq. 

44. Q VQf is an ordinate of a diameter P F, and any chord 
PR meets QQ! in iV, and the diameter through Q m. L; prove 
that 

P]^=PN.PR. 

' 45k Describe a parabola passing through three given points,, 
and having its axis parallel to a given line. 

46. Jl APj ^Q be two chords drawn from the vertex at 
right angles to each other, and PN^ QM be ordinates, the latus 
rectum is a mean proportional between AN and AM, 

47. PSp is a focal chord of a parabola ; prove that APy Ap 
meet the latus rectum in two points whose distances from the 
focus are equal to the ordinates of p and P respectively. 
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48. A chord PQ of a4parabola is normal to the parabola at 
P, and the angle PSQ is a right angle ; shew that SQ92SP. 

49. From any point Q in the line BQ which is perpendicnlar 
to the axis CAB of a parabola, vertex A, QR is drawn parallel 
to the axis to meet the curre in B ; prove that if CA be eqnal to 
A£, the lines AQ, OB will meet on the parabola. 

^ 50. From the yertex of a parabola a perpendicular is drawn 
on the tangent at any point ; prove that the locos of its inter- 
section with the diameter through the point is a straight line. 

^51. If two tangents to a parabola be drawn from any point 
in its axis, and if any other tangent intersect these two in P and 
Q, pro ve that iSP=5Q. 

52, 7* is a point on the tangent at P, such that the perpen- 
dicular from T on SP is of constant length ; prove that the locus 
of T is a parabola. 

If the constant length be 2^iS, proye that the vertex of the 
locus is on the directrix. 

58. Given a chord of a parabola in magnitude and position, 
and the point in which the axis cuts the chord, the locus of the 
yertex is a circle. 

54. If the normal at a point P of a parabola meet the curve 
in Q, and the tangents at P and Q intersect in T, prove that T 
and P are equidistant from the directrix. 

55. If TP, TQ be tangents to a parabola, such that the 
chord PQ is normal at P, 

PQ : PT :: PN : AN, 

PN and AN being the ordinate and abscissa. 

56. If two equal tangents to a parabola be cut by a third 
tangent, the alternate segments of the two tangents will be equaL 

57. If AP be a chord through the vertex, and if PZ, per- 
pendicular to AP^ and PG, the normal at P, meet the axis in 
Zr, respectively, (?Zr=half the latus rectum. 

58. If PSQ be a focal chord, A the vertex, and PA, QA be 
produced to meet the directrix in P\ Q' respectively, then P'SQf 
will be a right angle. I 

59. The tangents at P and Q intersect in T, and the tangent ; 
at B intersects TP and TQin O and D ; prove that i 

PC : CT :: CB ; BD :; TD : DQ, 



46 The Parabola. 

60. From any point J) in the latus rectum of a parabola, a 
straight line DP is drawn, parallel to the axis, to meet the carve 
in P; if X be the foot of the directrix, and A the vertex, prove 
that ADf XP intersect in the parabola. 

61. PSp is a focal^ chord, and upon PS and p8 as diameters 
circles are described ; prove that the length of either of their 
common tangents is a mean proportional between AS and Pp. 

62. If ilQ be a chord of a parabola through the vertex A, 
and Qfi. be drawn perpendicular to AQ to meet the axis in R ; 
prove that AR will be equal to the chord through the focus 
parallel to ^Q. 

63. If from any point P of a circle, PG be drawn to the 
centre C7, and a chord PQ be drawn parallel to the diameter AB, 
and bisected in i2; shew that the locus of the intersection of CP 
and ^i2 is a parabola. 

64. A circle, the diameter of which is three-fourths of the 
latus rectum, is described about the vertex ^ of a parabola as 
centre ; prove that the common chord bisects AS, 

65. Shew that straight lines drawn perpendicular to the 
tangents of a parabola through the points where they meet a 
given fixed line perpendicular to the axis are in general tangents 
to a oonfocal parabola. 

66. If QJR be a double ordinate, and PD a straight line 
drawn parallel to the axis from any point P of the curve, and 
meeting Q,R in i>, prove, from Art. 25, that 

CiD.RD^4:AS.PD. 

67. Prove, by help of the preceding theorem, that, if QQI be 
a chord parallel to the tangent at P, QQ' is bisected by PD, and 
hence determine the locus of the middle point of a series of 
parallel chords. 

68. If a parabola touch the sides of an equilateral triangle, 
the focal distance of any vertex of the triangle passes through the 
point of contact of the opposite side. 

69. Find the locus of the foci of the parabolas which have a 
eommon vertex and a common tangent. 

70. From the points where the normals to a parabola meet 
the axis, lines are drawn perpendicular to the normals : shew 
that these lines will be tangents to an equal parabola. 
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71. loseribe in a given parabola a iiiaDgle haling ita iides 
parallel to three given straight lines. 

72. PNP* is a doable ordinate, and through a point of the 
parabola RQL is drawn perpendicular to PP" and meeting PA, or 
PA produced in jR ; prove that 

PNiNL ::LR:RQ. 

73. PNP' is a double ordinate, and through R, a point in the 
tangent at P, RQM is drawn perpendicular to PP* and meeting 
the curve in Q ; prove that 

QMiQRi: FM : PM, 

74. If from the point of contact of a tangent to a parabola, 
a chord be drawn, and a line parallel to the axis meeting the 
chord, the tangent, and the curve, shew that this line will be 
divided by them in the same ratio as it divides the chord. 

75. PSp is a focal chord of a parabola, RDva the directrix 
meetiog the axis in i), Q is any point in the curve ; prove that if 
QP, Qp produced meet the directrix in i2, r, half the latus rectum 
will be a mean proportional between DR and Dr, 

76. A chord of a parabola is drawn parallel to a given 
straight line, and on this chord as diameter a circle is described; 
prove that the distance between the middle points of this chord, 
and of the ch<Hd joining the other two points of intersection of the 
circle and parabola, will be of constant length. 

77. If a circle and a parabola have a common tangent at P, 
and intersect in Q and R ; and if Qr, UR be drawn parallel to 
the axis of the parabola meeting the circle in V and U respec- 
tively, then will F27 be parallel to the tangent at P. 

78. If P F be the diameter through any point P, Q F a semi- 
ordinate, Q! another point in the curve, and QP cut Q F in i2, 
and QR the diameter through Q meet Q,VmRf, then 

VR. FJTrrQF^. 

79. PQ, PR are any two chords; PQ, meets the diameter 
through R in the point P, and PR meets the diameter through 
QmE ; prove that BF is parallel to the tangent at P. 

80. If parallel chords be intersected by a diameter, the dis- 
tances of the points of intersection from the vertex of the diameter 
are in the ratio of the rectangles contained by the segoients of 
the chords. 
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81. If tangents be drawn to a parabola from any point P In 
the latus rectum, and if Q, Q' be the points of contact^ the senii- 
latus rectam is a geometric mean between the ordinates of Q and 
Q^t and the distance of P from the axis is an arithmetic mean 
between the same ordinates. 

82. If A\ B\ a be the middle points of the sides of a tri- 
angle ABCf and a parabola drawn through A\ B', C meet the 
sides again in A'\ £", C", then wiU the Hues AA", BB^', CC" 
be parallel to each other. 

83. A circle passing through the focus cuts the parabola in 
two points. Prove that the angle between the tangents to the 
circle at those points is four times tiie angle between the tangents 
to the paraboU at the same points. 

84. The locus of the points of intersection of normals at the 
extremities of focal chords of a parabola is another parabola. 

86. Having given the vertex, a tangent, and its point of 
contact^ construct the parabola. 

86. PSp is a focal chord of a parabola ; shew that the dis- 
tance of the point of intersection of the normals at P and p from 
the directrix varies as the rectangle contained by PS^ pS, 

87. TP, TQ are tangents to a parabola at P and Q, and is 
the centre of the circle circumscribing PTQ ; prove that TSO is 
a right angle. 

88. P is any point of a parabola whose vertex is A, and 
through the focus S the chord QSQ' is drawn parallel to AP ; 
PN, QM, Q'M't being perpendicular to the axis, shew that SM is 
a mean proportional between AM, AN, and that 

MM'=AP. 

89. If a circle cut a parabola in four points, two on one side 
of the axis, and two on the other, the sum of the ordinates of the 
first two is equal to the sum of the ordinates of the other two 
points. 

Extend this theorem to the case in which three of the points 
are on one side of the axis and one on the other. 

90. The tangents at P and Q meet in T, and TL is the per- 
pendicular from T on the axis ; prove that if PN, QM be the 
ordinates of P and Q, 

PN.QM=iAS.AL. 
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91. Tne tangents at P and Q meet in T, and the lines 7!i, 
PA, QAf meet the directrix in t, p^ and q : prove that 

tp = tq, 

92. From a point T tangents TP, TQ are drawn, ^to a para- 
bola, and through T straight lines are drawn parallel to the nor- 
mal at P and Q ; prove that one diagonal of the parallelogram 
so formed passes through the focus. 

93. The chord PQ is normal at P, and the t'^ngents at P 
and Q meet in T; prove that the straight line drawn from 8 at 
right angles to ST bisects QT, 

94. Through a given point within a parabola draw a chord 
which shall be divided in a given ratio at that point. 

95. ABO is a portion of a parabola bounded by the axis AB 
and the semi-ordinate BO : find the point P in the semiordinate 
such that if PQ be drawn parallel to the axis to meet the parabola 
in Q, the sum of BP and PQ shall be the greatest possible. 

96. The diameter through a point P of a parabola meets the 
tangent at the vertex in Z ; the normal at P and the focal dis- 
tance of Z will intersect in a point at the same distance from the 
tangent at the vertex aa P, 

97. Given a tangent to a parabola and a point on the curve, 
shew that the foot of the ordinate of the point of contact of the 
tangent drawn to the diameter through the given point lies on a 
fixed straight line. 

98. Find a point such that the tangents from it to a parabola 
and the lines from the focus to the points of contact may form a 
parallelogram. 

99. Two equal parabolas have a common focus; and, from 
any point in the common tangent, another tangent is drawn to 
each; prove that these tangents are equidistant from the ootnmon 
focus. 

100. Two parabolas have a common axis and vertex, and 
their concavities turned in opposite directions ; the latus rectum 
of one is eight times that of the other ; prove that the portion of 
a tangent to the former, intercepted between the oonmion tan- 
gent and axis, is bisected by the latter. 
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CHAPTER III. 



THE ELLIPSE. 



Def. An ellipse is the curve traced otU by a paint 
which moves in stich a manner that its distance from a 
given point is in a constant ratio of less inequality to its 
distance from, a given straight line. 

Tracing the Curve, ^ 

61. Let S be the focus, EX the directrix, and SX the 
perpendicular on EX from S. 




Divide SX at the point A in the given ratio j the point 
A is the vertex. 

From any point E in EX, draw EAP, ESL, and 
through S draw SP making the angle PSL equal to LSN, 
and meeting EAP in P. 

Through P draw LPK perpendicular to the directrix 
and meeting ESL in L, 

Then the angle PSL=LSN=SLP, 

.-. SP=PL, 
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Also PL : PK :: 8A : AX, 

Hence SP : PK :: 8A : AX, 

and P is therefore a point in the curve. 

Again, in the axis XAN find a point A' such that 

SA' : AX :: /S4 : AX\ 

this point is evidently on the same side oT the directrix as 
the point A, and is another vertex of the curve. 




Join EA' meeting PS produced in P', and draw 
P'L'K' perpendicular to the directrix and meeting ES 
inZ'. 

Then P'L' : P'K! :: 8A' : AX 

:: SA : AX, 

and the angle SUP'= L'SA ^L'SP" ; 

.\P'L'=8P\ 

Hence P' is also a point in the curve, and PSP* is a 
focal chord. 

By giving E a series of positions on the directrix we 
shall obtain a series of focal chords, and we can also, as in 
Art. (1), find other points of the curve lying in the lines 
XP, K'P', or in these lines produced. 

We can thus find any number of points in the curve. 

52. Def. The distance AA' isihe major axis. 

4—2 



52 
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His middle point C (^ AA' is called the centre of the 
ellipse. 

If through C the double ordinate BCJ^ he draum, 
BBf is called the minor axis. 

Any straigM line dravon throTigh the centre, and 
terminated hy the curve, is called a diameter. 

The lines ACA\ BCB are called the principal dia- 
meters, or, bri^y, the axes of the curve. 

The line AG A' is also sometimes called the transverse 
axis, and BCB' the conjugate axis, 

53. Prop. I. If P be any point of an ellipse, and 
A A' the axis mojor, and if PA, A'P, when produced, 
m£et the directrix in E and F, the distance EF subtends 
a right angle at the focus. 

Draw PZiT perpendicular to the directrix, meeting SF 
in L, and the directrix in K, 
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Then PL , PK \\ SA' : A'X 

:: SP : PK, 

:.PL=SP, 

and the angle LSP=PLS=LSX, 

that is, FS bisects the angle ASP. 

But, if PS be produced to P, ES bisects the angle 
ASP'; 

.*. ESFia a right angle. 
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54. By help of the preceding^ theorem we shall now 
prove the existence of another focus and directrix corre- 
sponding to the vertex A, 

In A A' produced take a point X' such that A^X^^AX^ 
and in A A' take a point S' such that A'S'-^AS. 

Through X^ draw a straight line ^Xy perpendicular to 
the axis and let EP, FP produced meet this line in 
and/. Join eS\ and/S'. 

Then eX : EX :: AX : AX 

:: A'X : A'X" 

:: FX \fX'\ 

:. eX.fX^EX. FX^ SX^ = S'X'^. 




Hence eSyia a right angle. 

Through P draw XPk parallel to the axis, meeting 
eS^ andyiS' produced in L and L 
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Then PL : Pk :: STA : AX', 

and PI : PAj :: ST A' : ^'X' ; 

.-. PL=PL 
Moreover, LS^l being a right angle, 

S'P=Pl, 
.', S'P : Pk :: ^A' : ^'JT, 

and the curve can be described by means oi the focus ^S* 
and the directrix eX'. 

Hence also it follows that the curve is symmetrical with 
regard to BCB\ and that it lies wholly between the tan- 
gents at A and A\ 

II SA be equal to AX, the point A', and therefore the 
points S* and X' will be at an infinite distance from S and A, 

Hence a parabola is the .limiting form of an ellipse, tho 
axis major of which is indefinitely increased in magnitude, 
while the distance SA remains finite. 

55. Peop. IL if PN he the ordinate qf any point 
P of an ellipse, AC A' the axi% major, ajid BCB' the axis 
minor, 



i 



PN* : AN.NA' :: BC^ : AC^. 



Join PA, A'P, and let these lines produced meet the 
directrix in E and F, 




Then, 



and 



PN : AN :: EX : AX, 
PN : A'N :: FX i AX-. 
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/. PN^ : AN.NA' :: EX.FX : AX, AX 

:: SX^ : AX.A'X, 

since ESF is a right angle (Prop, i.); that is, PiV* is to 
AN, NA* in a constant ratio. 

Hence, taking PN coincident with BC^ in which case 

AN^NA'^AG, 

BC^ : AG^ :: ^^2 : AX, AX, 

and .-. PN^ : AN., NA' :: ^(7^ : AC\ 




This may be also written 

PN^ : AG^-Cm :: -BC« : ^C^ 

CoE. If PM be the perpendicular from P on the axis 
minor, 

CM=PN, PM^CN, 
and C2Jf2 : AC^^PM* :: ^(7* : ^Cl 

Hence AC^ : AC^-PM^ :: BC^ : CJf^, 
and /. ^C73 : PM^ :: ^ffC^ : B(P^CM\ 

or P3f9 : 5if . itf^' \'. AC^ : B(P, 

56. Conversely, if a point P move in such a manner thai 
PN^ is to AN.NA' in a constant ratio, PN being the distance 
of P from the line joining two fixed points A, A', and N being 
between A and ^', the locus of P will be an ellipse of which A A' 
is the aids. 
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For, taking as the middle point of AA\ draw BO at right 
angles to A A', and such that BC^ is to AC* in the given con- 
stant ratio; then, if any point N be taken in AA'y the corre- 
spending point of the locus evidently coincides with a point of 
the ellipse of which AC and BC are ^e semi-axes. 

It will be shewn in the Appendix that the definition of an 
ellipse is a property directly deducible from the relation 

PN* : AN. NA' :: BC* : AC^. 



67. Pbop. III. If AC A' he the €uns mc^'or, C the 
centre^ S one qf the foci, and X the foot qfthe directrix, 

CS : CA :: GA : CX :: SA : AX, 

and CS : CX :: CS^ ; CAK 



For 



A s" d 


5' 


S'A : SA :: AX' 


: AX 


:: A'X 


: AX; 


.-. iS'aS'' : SA :: AA' 


: AX, 


CS : CA :: SA 


: ^X 



S' A' X 



or 

Again, SA' : ;SM :: ^X' : AX; 

.', AA' : SA :: XX' : -4X, 
or CA ; CX :: SA : ^X; 

.-. (75^ : CA :: C^ : CX. 
or CS,CX^CA\ 

Also 6'^ : CX :: C^^ . cS, CX 

:: Cy* : CA\ 
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68. Prop. IV. If S he a focus, and B an extremity 
of the oasis minor ^ 

For, joining SB in the figure of Art fi6, 
SB : GX :: ^-4 : AX 

:: CA : CX, 

by the previous Article, 

/. SB=CA. 
Also BCf^=SB*''SC*=ACf*-SC* 

=-AS.SA\ 

69. Prop. V. The semi-lotus rectum SR is a third 
proportional to AC and BG, 

For, Prop. II., 

SE^ : AS.SA' :: BG^ : AG^; 
•. SR^ I BG* :: BG^ : AG% 
or SR : BG :: 5(7 : AG, 

Cob. Since ^i2 ; SX :: iS^jf : AX 

:: ^(7 : -4(7, 
it follows that SX. SG=SR .AG=BG^\ 
and hence also that 

SX : GX :: ^C^ : AG^. 

60. Prop. VI. The sum ofthefocol distances of any 
point is equal to the axis majcyr. 

Let PN be the ordinate of a point P (Fig. Art. 64), 
then 

S'P : SP :: NX' : NX\ 
.'. S'P+SP : 6P :: XX : iVJT, 
or S'P-^SP : JTZ* :: iS'P : NX 

:: -y^ : AX 

.-. SP+SP=AA\ 
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Cor. 


Since SP : NX :: SA : AX 




:: AC : CX; 




.-. AC : SP :: CX : NX, 




AC-8P : SP :: CN : iVX, 


and 


AC-SP : (7i\r :: .^/^ : ^X 


Also, 


AC-SP=SP-AC; 




:. S'P-AC : CiV^ :: SA : ^X 



Mechanical Construction qf the Ellipse, 

61. Fasten the ends of a piece of thread to two pins 
fixed on a board, and trace a curve on the board with a 
pencil pressed against the thread so as to keep it stretched ; 
the curve traced out will be an ellipse, having its foci at the 
points where the pins are fixed, and having its major axis 
equal to the length of the thread. 

62. Prop. VII. The sum oftJie distances qf a point 
from ths foci of an ellipse is greater or less than the 
major axis according as the point is outside or inside the 
ellipse. 

If the point be without the ellipse join SQ, SQ, and 
take a point P on the intercepted arc of the curva 




Then P is within the triangle SQS' and therefore, 
joining SP, SP, 

SQ + SQ >SP+ SP, Euclid i. 2 U 

t.e. SQ+S'Q:>AA\ 
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If Q be within the ellipse^ let SQ, S'Q produced meet 
the cur?e and take a point P on the intercepted arc. 

Then Q is within the triangle SPS^, and 

/. SP+£rP:>SQ-\-S'Q, 

i.e. SQ+S'Q<AA\ 

63. Def. The circle described on the axis major as 
diameter is called the auadliary circle, 

Peop. VIII. I/t?ie ordinate NP of an ellipse he pro- 
duced to meet the auxiliary circle in Q, 

PN : QN :: BO : AC, 

For, Art. 55, 

PN^ : AN.NA' :: BC^ : AC^ 

and, by a property of the circle, 

QN*=AN,NA'; 




.'. PN : QN :: BC : AC. 

CoE, Similarly, if PM the perpendicular on BB' meet 
in Q^ the circle described on BB' as diameter 

PM : Q^M :: AC : BC, 

For PM^ : BM,MR :: AC^ : BC\ 

and BM.ME^^M*, 
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Properties of the Tangent and Normal 

64. Prop. IX The normal at any point bisects the 
angle between the focal distances of that point, and the 
tangent is equally inclined to thsfoaU distances. 

Let the normal at P meet the axis in O ; then, Art 15, 
SG : SP :: SA : AX, 
and S'G : ^P :: SA : AX. 

Fi 




Hence SG : S'G :: SP : S'P, 

and therefore the angle SPS is bisected by PG. 

Also FPF' being the tangent, and GPF, GPF' being 
right angles, it follows that the angles SPF, S'PF are 
equal, or that the tangent is equally inclined to the focal 
distances. 

Hence if S'P be produced to Z, the tangent bisects the 
angle SPL, 

CoR. If a circle be described about the triangle SPS, 
its centre will lie in BOB', which bisects SS at right 
angles ; and since the angles SPG, S'PG are equal, and 
equal angles stand upon equal arcs, the point g, in which 
PG produced meets the minor axis, is a point in the 
circle. 
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Also, if the tangent meet the minor axis in t^ the point t 
ig on the same circle, since gPt is a right angle. 

Hence, Any point P qf an ellipse^ the two foci, and 
the points qf intersection of the tangent and normcU at P 
with the minor axis lie on the same circle, 

65. Pkop. X Every diameter is bisected at the 
centre and the tangents at the ends of a diameter are 
parallel. 

Let PCp be a diameter, PN^ pn the ordinates of 
P andj7. 




Then GN^ : Cn^ :: PN^ : pn^ 

:: AC^^CIP : ^C7«-CVi«, Art 66; 

.-. CiV* : AC* :: Cn* : AG\ 

Hence CN^Cn and /. CP^Cp. 

Draw the focal distances; then, since Pp and S^ 
bisect each other in (7, the figure SPS'p is a parallelogram, 
and the angle 

SPS'^SpS', 

But the tangents PTy pt are equally inclined to the 
focal distances; 

.•. the angle SPT=S'pt, 

and, adding, the equal angles CPS, Cpl^, 

CPT=Cpt', 

:. Py and pt are parallel 
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Cor. Since Sp and S^p are equally inclined to the 
tangent at p, it follows that SP and Sp make equal angles 
with the tangents at P and p. 

66. Prop. XI. The perpendiculars from the foei on 
any tangent meet the tangent on the atixUiary circle, and 
the semi-minor axis is a mean proportional between their 
lengths. 

Let SYtS'Y'he the perpendiculars; join S'P, and let 
S y, S'P produced meet in L. 




The angles SPY, YPL being equal, and Py being 
common, the triangles are equal in all respects; 

/. PL=SP, SY^ YL, 

and S'L^S'P-^PL=S'P^SP=AA\ 

Join CYy then (7 being the middle point of SS, and Fof 
/SX, CY is parallel to S'L, 

and .-. S'L=2CY. 

Hence CY=AC, and Fis a point on the auxiliary circle. 

Similarly by producing SP, S Y' it may be shewn tliat 
y is also on the auxiliary circle. 
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Let Y8 produced meet the circle in Z, and join TZ ; 
then ,TYZ being a right angle, Y'Z is a diameter and 
passes through C 




Hence the triangles SCZy ^CY^ are equal, and 
SY.S'Y'^'SY.SZ^AS.SA'^BC^. 

CoR. (1). If P' be the other extremity of the diameter 
through P, the tangent at P' is parallel to P F, and there- 
fore Z is the foot of the perpendicular from S on the tangent 
atP'. 

Cor. (2). If the diameter DGU^ drawn parallel to the 
tangent at P, meet 8P, S'P in E and B, PEGY' is a 
parallelogram, for GY' is parallel to SP, and GE to PY' ; 

:,PE=^GT=AG', and similarly PE'=GY=AG. 

CoR. (3). Any diameter parallel to the focal distance of 
a point meets the tangent at the point on the auxiliary 
circle. 

67. Prop. XII. To draw tangents from a given 
point to an ellipse. 

For this purpose we may employ the general constnic- 
tion of Art. (14), or the following. 
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Let Q be the given point ; upon SQ as diameter de- 
scribe a circle cutting the auxiliary circle in Fand F'; 
YQ and Y'Q will be the required tangents. 

Producing SY to L so that YL=SY, iom STL cutting 
the line YQ in P. 




The triangles SPY, LP Y are equal in all respects, 
since SY=> YL and JPY is common and perpendicular 
to/S'Z; 

.\SP = PL and /S"Z=^P+ PL^/STP + SP; 

but, joining Cr, SrL=2CY=2AG ; 

.•.^P+/S"P = 2^(7, 

and P is therefore a point on the ellipse. 

Also the angle SP r= YPL, 

and .*. QP is the tangent at P. 

A similar construction will give the point of contact of 
the other tangent QP\ 

BeferriDg to Art. 31, it will be seen that the construction is 
the same as that given for the parabola, the ultimate form of the 
circle being, for the parabola, the tangent at the vertex. 
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68. Pbop. XIII. J[/ ttoo tangenttf be drawn to an 
ellipse from an external point, theif are equally inclined 
to the focal distances qfthat point 

Let QP, QP' be the tangents, SY, SrY\ SZ, S^Z the 




perpendiculars from the foci on the tangents; join FZ, 
Y'Z\ 

Then, Art. 66, SY.S'Y'^SZ.S'r-, 

.', SY : SZ :: STZ' : S'T. 

A circle can be drawn through the points SYQZ, since 
SYQ, SZQ are right angles; and YSZ and YQZ are 
equal to two right angles, as are also Y'S^Z' and Y'QZ' ; 
therefore the angle YSZ^ Y'^Z\ and the triangles YSZ^ 
YS'Z' are similar. 

Hence the angle SZY^S' Y'Z^. 

But SZY=SQYm the same segment, and similarly 

S'Y'Z'=S'QZ'; 

therefore the angle SQP=JSrQr. 

69. Def. EUiptei wkdch have the aame foci are eaUed con- 
focal eUipHs, 

If Q be ft point in a confocal ellipse the normal at Q bisects 
the angle 8QS' and therefore bisects the angle PQF*. 

Hence, Jf from any point of an ellipse tangents are drawn 
to a eonfocal dlipee, theae tangents are equally indined to Vie 
normal at the point 

By reference to the remark of Art 40, it will be seen 
that this theorem includes that of Art 40 as a particular 
casa 

B. C. S. ^ 
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70. Peop. XIV. 1/ FT the tangent at P meet the 
axis mqfor in T, and PN he the ordinate, 

CN.CT^ACP. 




Draw the focal distances SP, S'P, and the perpendicular 
SYon the tangent, and join NY, CY. 

Then, as in Art 66, CY \& parallel to S'P; therefore 
the angle 

CYP=:^S'Pt=SPY 

^SNY, 
since a oirde can be drawn through the four points AS^YPiV 

Hence CYT=CNY, 

and the triangles CYT, CNY&re equiangular. 

Therefore CN : CY :: CY : CT 

or CN.CT=CY^=AC'. 

Cob. (1). CN. NT=^ CN. CT- CN>^AC*-CN* 

^AN.NA\ 

.Cob. (2). Hence it follows that tangents at the extre- 
mities qf a common ordinate qf an ellipse and its aux- 
iliary circle meet the axis in the sams point. 

For, if NP produced meet the auxiliary circle in Q, 
and the tangent at Q meet the axis in T, 

CN.Cr=CQ»^AC», 
therefore T coincides with T, 
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And more generally it is evident that« If any number 
qf ellipses he described having the sa/me major axis^ and 
an ordinate he dratcn cutting the ellipses, the tangents at 
the points qf section will all meet the common axis in the 
same point, 

71. Pbop. XV. If the tangent at P meet the axis 
minor in t, and PN he the ordinate, 



For, 



a.PN^BC^. 
Ct : PN :: CT : NT, Fig. Art. 70, 



/. Ct.PN : PN* :: CT.CN : CN.NT 

AC^ : AN.NA\ Cor. 1, Art 70, 
BC^ : PN\ 
.'. Ct.PN =BCK 

72. Pbop. XVI. If the normal at P meet the axes 
in G and g, and the diameter parallel to the tangent at P 
in F, 

PF. PG=B(P, and PF. Pg^AG^ 

Let PN, PM, perpendiculars on the axes, meet the 
diameter in K and L, and let the tangent at P meet the 
axes in T and t. 




Then, since a circle can be drawn through GFKN, 
PF.PG=PN.PK^PN.a^BC^. 

5-2 
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Similarly, tdnoe a circle can be drawn throogh LMFg^ 

PF.Pg^PM.PL^CN.CT^AC^. 
CoE. Since PGN, PgM are similar triangles, 
NG : PM :: PO : Pg :: PF.PG : PF.Pg 
or NG : CN :: BC^ : ^(7^, 

and /. CG : CiV :: SC^ : AC^. 

Hence also CG : CiV^ :: ^C« : CN. CT; 

CG.CT=SC^. 
From Art 64, cor., it is obvious that 

Cg.a=SC^, 
and it can be easily shewn that 

Cg : PN :: SC^ : BC^. 



73. Prop. XVIL If PCp he a diameter, and Q VQ' 
a chord parallel to the tangent at P and meeting Pp in F, 
and if the tangent at Q meet pP produced in T^ 



CV. CT= CP^. 




Jjet TQ meet the tangents at P and pmR and r, and 
8 being a focus, join SP^ SQ, Sp. 
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Let fall perpendiculars BN, RM^ m, rm upon these 
focal distances ; 

then, since the angle SPR=Spr^ Cor. Art (65), 

RP : rp :: RN : m 

:: jRif : nUy Art 13, 

:: RQ : rQ; 

bat TR : Tr :: RP : rp. 

.'. TR I Tr i: RQ I rQ, 




Hence TP : Tp v. PV : Vp, 

or CT-CP : CT^CP :: CP-CV : CP+CV; 

.'. CT : CP :; (7P : CF, 
or CT.CF^CP^. 

Cob. I. Hence, since (7F and CP are the same for the 
point Of, the tangent at Q^ passes throagh T. 

CoE. 2. Since Tjp : TP :: /> T : FP, it follows that 
TPVp is harmonically dirided. 

It will be seen in Chapter X, that this is a particular 
case of a general theorem. 
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Properties qf Corrugate Diametere, 

7i. Psop. XVIII. A diameter bisects ail chords par^ 
alld to the tangents at its extremities. 

We have shewn (Art. 16), that, if QQ' be a chord of a 
conic, TQ, TQ" the tangents at Q, Q", and iS^P^' a tangent 
parallel to QQ", the length EE' is bisected at P. 

Draw the diameter POp ; the tangrat epe^ at p is par^ 
allel to EP, Art. (65), and is therefore parallel to QQ^. 




Hence ep=pe^, and P, p being the middle points of the 
parallels ee^, EE the line Pp passes through T^ and more- 
over bisects Off, 

Similarly, if any other chord qc( be drawn parallel to 
Q^ the tangents at q and €( will meet in^P produced, 
and q<]( will be bisected by pP, 

Cob* Hence, if QQ', qc( be two chords parallel to the 
tangent at P, the chords Qg, Q^^ will meet in CP or CP 
produced. 

75. Def. The diameter DCd, drawn parallel to the 
tangent at P, is said to he conjugate to PCp, 

A diameter therefore bisects all chords parallel to its 
conjugate. 

Prop. XIX. If the diameter DCd he cof^tigate to PCp, 
then will PCp he cov^ugate to DCd. 

Let the chord Q Vq be paralld to DCd, and therefore 
bisected by P(7, and draw the diameter qCR. 
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Join QB meetiBg CD in U; 
then 22(7= Cq, and QV-Vq; 

.-. QB is parallel to OP 




Also QU : r/K :: qC : (7/2, 

and therefore Q U= UB. 

That is, CD bisects the chords parallel to PCp ; 
therefore PC^ is coi^ngate to DCd, 

DsF. Chords drawn from the extremities qf a dia- 
meter to any point qf the ellipse are called supplemental 
chords, 

Thas qQf BQ are supplemental chords, and hence it 
appears that supplemental chords are parallel to conjugate 
diameters. 

Def. a line Q V drawn from a point Qofan ellipse, 
parallel to the tangent at P and terminated hy the diame- 
ter PCp, is called an ordinate qf that diameter, and Q Vq 
is the double ordinate if QV produced meet the curve 
inq. 

76. Any diameter is a mean proportional between the 
transverse cueis and the focal chord paraUel to the dia- 
meter. 

From Art 66 it follows that if CQT parallel to PSp 
meet in T the tangent at P, 

CT^AC. 
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Draw PFparallel to the tangent at Q; then 
CV.CT=Cqf, Art 73; 
.• Pp.AA'=Qq\ 




17* Prop. XX ff' PCpj DCd he cof^'ugate diame- 
ters, and QVan ordinate qf Pp^ 

QV^ : PF. Vp :: CD^ : CP^. 

Let the tangent at Q, fig. Art 76, meet CP, CD pro- 
duced in T and ^ and draw Q U parallel to CP and meeting 
CD in U. 

Then CP^=CV,CT, 

and CD^^CU.Ct^QV.Ctx 

:. CD^ : CP* :: QV. Ct : CF . CT 

:: QF2 : CV , FT, 

and CF. FT=CF. CT^CF*=CP*-CF' 

^PF. Fp, 

.\ CD» : CP* :: QF^ : PF . Fp. 

78. Peop. XXI. J/ACA', BCB he a pair cf conju- 
gate diameters, PCP, DCJOf another pair, and ifPN^ 
DM be ordinates of ACA\ 

Cm=AM . MA', Cm=AN. NA . 
CM ; PN :: AC : BC, 
and DM : CN :: BC : AC. 
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Let the taogents at P and 2> meet ACA' in 7 and t 










Then CN . CT= ACP^CM.Ct; 

hence CM : CN :: Cr : Ct 

:: P^: OZ) 
FN: DM 
CN : Jf *, 

.-. CN*=CM . Mt^AC^-CM^^AM . MA\ 
and similarly, C3f» ^AN. NA'. 

Also DJP : AM. MA' :: -S(7« : AC\ 
.'. DM : CN :: BC : ^(7, 
and similarly CM : FN :: AC : BC. 

Cob. We have shewn in the course of the proof that 

'CN^+CM^=AC* 

By similar reasoning it appears that if Pn, Dm, be or- 
dinates of BCB, 

Cv?-^Crn?=BC^-, 

:. FN^+DM^=BC^. 
It should be noticed that these relations are shewn to 
be true when ACA\ BCB are any conjugate diameters, 
includmg of course the principal axes. 

79. Pbop. XXII. if CFf CD be conjugate semi-dia" 
meters, and AC, BC the principal semi-diameters, 

CF^+CD'^AC^+BC^. 
From the preceding article, 

and FN^+DM*=BC»; 

also ACB being in this case a right angle, 

fn»+cn*=cf; 

and D3P+CM*=^CD% 

.-. CF^-^CD^-^AC^-^BC^ 
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80. Pbop. XXIII. jy the normal at P meet the 
principal axee in Q and g, 

pa : CD :: BO : AC, 
and Pg : CD :: AC : BC. 

For, the triangles DCM, PON being similar, 
PG : CD :: PN : CM 
:: J5a : AC 




So also Pj^ and DCMvte similar, and 
Pg : CD :: Pn : DM 
AC I BC. 






81. Pkop. XXIV. The paraiMogram formed by the 
tangenti ai the efide qf conjugaU diameters it equal to 
the rectangle contained by the principal axes. 

For, taking the preceding figure, 

PG : BC :: CD : AC; 
but PG : BC :: BC : PP, Art. 72, 

.-. (7i> : AC :: J?C : PF, 
and CD . PF=AC . jBC, 

whence the theorem stated. 

82. Prop. XXV. If SP, S'P be the focal distances 
qfPf and CD be copjtigate to CP, 

SP.S'P^CD^. 
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Let CD meet SP, 8'P in .Fand E' (fig. Art fi6), and 
the normal at P in .P; then 8P F, PEF, and ^PF' are 
similar triangles ; 

/. SP : SY :: P^ : PF, 
and /S"P ; ^F :: PE : PP; 

.-. SP.STP : SY. S'y :: PE* : PF* 

:: -4C^ : PP« 
:: CD* : ^C», Art 81 ; 




:.SP.S'P=CD*. 

83. Prop. XXVL J[f the tangent at P meet a pair 
qf conjugate diameters in Tand t, and CD be corrugate 
toCPj 

PT.Pt^CD*. 
From the figure 

PT : PN :: CD : DM; 
B 




and, if TP produced meet CB in t^ 

Pt : CN :: CD : CM; 
.'. PT.Pt : PN. CN ;: CD" : DM. CM. 
But PN . CN= DM . CM, Art 78, 

.-. PT.Pt=CD\ 
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Cob. Let TQU he the tangent at the other end of the 
chord PNQ, meeting OB' produced in U; and let CS be the 
semi-diameter parallel to TQ» 

Then TP :TQ::Pt: QU, 

.\ TP* I TQ^ :: PT.PtiQT. QU 

:: (7i>« : CE*, 
that is, the two tangents dravmjrom any point are in ike raho of 

the parallel diameters. 

In a similar manner it can be shewn, that, if the tangent 
at P meet the tangenta at the ends of a diameter ACA' in T 
inr, 

PT.Pr=OI>», 

CD being conjugate to C7P, 

and AT.A'!l'=OB\ 

CB being conjugate to ACA', 
These properties can be demonstrated by the help of Art. 78, and 
of the corollary to Art. 83. 

84. Equi'COT^'iiffcUe diameters. 

Prop. XXYII. The diagonals qf the rectangle farmed 
by the principal axes are equcd and conjitgate diameters. 

For, joining AB, A'B, these lines are parallel to the 
diagonals CF^ CE; and, AB, A'B being supplemental 
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chords, it follows that CD, CP are conjugate to each other. 
Moreover, they are equally inclined to the axes, and are 
therefore of equal length. 

Cob. 1. If Q r, Q Z7 be drawn parallel to the equi-con- 
{ngate diameters, meeting them in Fand U, 
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if -P be the other end of the diameter PCP*. 
Hence QF^+QU^^CP'. 

CoE. 2. CP^^-CI)^=AC^^BC\ (Art. 79); 

86. Prop. XXVIII. Pair% of tangents at right angles 
to each other intersect on a fixed circle. 

The two tangents being TP, TP", let S'P produced 
meet aS^F the perpendicular on TP in K. 




Then the angle PTK=^STP=S*TP \ 

:. /S'TiTis a right angle. 
Hence 4A0^=Sr£?=S'!n+TK* 

=2CT^+2CS^, Euclid, IL 12 and 13; 

and T lied on a fixed circle, centre C. 

This circle is called the Director Circle of the Ellipse, 
and it will be seen that when the ellipse, by the elongation 
of SC from S is transformed into a parabola, the director 
circle merges into the directrix of the parabola. 
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86. Prop. XXIX Tlie rectangles contained by the 
segments qfany two chords which intersect each other are 
in the ratio of the squares qfthe parallel diameters. 

Through any point in a chord OQQ^ draw the diame- 
ter orb:, and let CD he parallel to QQ", and CP con- 
jugate to CD, bisecting QQ" in F, 

Draw J? CT parallel to CD. 
Then CD'-RZP : CIP :; CD* : Ci«, Art 77, 

:: CD^-QV^ : CV^ 
But RIP : CIP :: OV* : CV^; 

.-. CD^ : CZP :; CD^-hOF^-QV^ : CF" 




or CD^ : CD^+OF^^QF* :: CIP : (7r» 

:: Ci?» : CO"; 
.-. C2)« : OF^-QF^ :: Ci2* : CO^^CR^, 
or C7>« : 0^.00' :: GB* : OR. OR. 

Similarly if Og^ be any other chord through 0, and Ci 
the, parallel semi-diameter^ 

Cd^ : Og.(Y :: CR^ '- OR. OR'; 
.'. OQ.OQ^ : Og.Og^ :: (72>« : Cd^. 
This may otherwise be expressed thus. 
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Ths ratio of the rectangles qf the tegmenU depends 
only on the directions in which they are dravm. 

The proof Ib the same if the point be within the 

ellipse. 

87. Prop. XXX. If a circle intersect an ellipse in 
four points the several pairs of the chords qf intersection 
are equally inclined to the axes. 

For if QQfy qc( be a pair of the chords of intersection, 
and if these meet in 0, or be produced to meet in Oy the 
rectangles OQ . OQ!^ Oq. Oq[ are proportional to the squares 
on the parallel diameters. 

But these rectangles are equal since QQ', q^ are chords 
of a circle. 

Therefore the parallel diameters are equal, and, since 
equal diameters are equally inclined to the axes, it follows 
that the chords QQ', q<]( are equally inclined to the axeSb 

88. Conversely, if two chords, not parallel, be equally 
inclined to the axes a circle can be drawn through their 
extremities. 

For, as in Art 87, if OQQ!^ Oq(f be two chords, and 
CDy Cd the parallel semi-diameters, 

OQ.OQf : Oq.Oq' :: CD^ : Ctf"; 

but, if CD and Cd be equally inclined to the axes, they are 
eqimly and 

.\OQ.OQf^Oq.O^, 

and a circle can be drawn through the points Q, Q', q^ 
and^. 



EXAMPLES. 



1. If the tangent at B meet the latus rectum produced in 
D, CDX is a right angle. 

2. If POp be a diameter, and the focal distance pS produced 
meet the tangeirt at P in T, SP=ST, 

8. If the normal at P uieet the axis minor iu Q^ and O'N be r 
the perpendicular from 0' on SP, then PN=^AC. 

4. TQ, TQ' are two tangents at right angles, and OT meets 
QQ'in V; prove that VT=QV, and, by help of this equaUty, 
shew that the locus of T is a circle. 

5. The tangent at P bisects any straight line perpendicular 
to A A' and terminated by AP, A'P, produced if necessary. 

6. Draw a tangent to an ellipse parallel to a given line. 

7. 8R being the semi-latus rectum, if RA meet the directrix 
in E, and 8E meet the tangent at il in ^, 

AT=A8, 

8. Prove ikii SY i SP :: SR : PG. 

Und where the angle 8PS' is greatest. 

9. If two points B and B' be taken in the normal PO such 
that PB^PB" = CD, the led of .7 and ^' are drdes. 

Shew that the sum of two conjugate diameters is greater than 
the sum of the axes, and that their dififereuce is less than the 
difference of the axes. 

10. If from the focus 8^ a line be diawn parallel to 8P, it 
will meet the perpendicular 8TiD. the drcumferenoe of a circle. 

11. If the normal at P meet the axis major in 0, prove that 
PO is an harmonic mean between the perpendiculars from the 
fod on the tangent at P. 
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12. If tangent! TP, TQ be drawn at the eztremitiei P, Q of 
any fociil chord of an cdlipBe, prove that the angle PTQ ia half 
the supplement of the angle which PQ gubtenda at the other 
focus. 

13. If Fy Z be the feet of the perpendicalars from the foci 
on the tangent at P \ prove that the circle drciunBcribed about 
the triangle TNZ will pass through C. 

14. If J Q be drawn from one of the vertices perpendicular 
to the tangent at any point P, prove that the locus of the point 
of intersection of PS and Q^ produced will be a circle. 

16. If the normal at P meet the axis major in and the 
axis minor in iT, prove that a circle can be drawn thiough the 
foci and through the points P, K, and that OK iSK ::SAi AX, 
shew also that, if the tangent at P meet the axis minor in t, 

St; iKiiBC: CD, 

CD being conjugate to CP. 

16. The straight lines joining each focus to the foot of the 
perpendicular from the other focus on the tangent at any point 
meet on the normal at the point and bisect it. 

17. If two circles touch each other internally, the locus of 
the centres of circles touching both is an ellipse whose foci are 
the centres of the given circles. 

18. The subnormal at any point P is a third proportional to 
the intercept of the tangent at P on the major axis and half the 
minor axis. 

19. If the normal at a point P meet the axis in 0, and the 
tangent at P meet the axis in T, prove that 

TQ : TP :: BC : PG, 

Q being the point where the ordinate at P meets the auxiliary 
circle. 

20. If the tangent at any point P meet the tangent at 
the extremities of the axis AA' in. F and F*, prove that the 
rectJEmgle AF^ A'F' is equal to the square on the semiaxis 
minor. 

21. TP, TQ are tangents; prove that a circle can be 
described with T as centre so as to touch 8P, HP, 8Q, and HQ, 
or these lines produced, S and H being the focL 

Jd> c^ s. o 
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22. If two equal and similar ellipses have the same centre, 
their points of intersection are at the extremities of diameters at 
right angles to one another. 

28. The external angle between any two tangents to an 
ellipse is equal to the semi-sum of the angles which the chord 
joining the points of contact subtends at the foci. 

24. The tangent at any point P meets the axes in T and t ; 
if ^ be a focus the angles PSt, STP are equal. 

25. P is a point in an ellipse, PM, PN perpendicular to the 
axes meet respectively when produced the circles described on 
these axes as diameters in the points Q, Q^ ; shew that QQi passes 
through the centre. 

26. If 8Y is a perpendicular from the focus 8 on the tangent 
at P arid CD a diameter conjugate to CP, 

SY,CD=SP,BC. 

27. A conic is drawn touching an ellipse at the extremities 
A, B of the axes, and passing through the centre C of the ellipse ; 
prove that the tangent at C is parallel to A B. 

28. Tlie tangent at any point P is cut by any two conjugate 
diameters in ^, ^ and the points T, t^ are joined with the foci 8, 
J7 respectively ; prove that the triangles 8PT, HPt are similar 
to each other. 

29. If the diameter conjugate to CP meet 8P, and HP (or 
these produced) in E and E\ prove that 8E is equal to HE, and 
that the circles which circumscribe the triangles SCE^ HCE't are 
equal to one another. 

SO. PO is a normal^ terminating in the major axis ; the 
circle, of which PO is a diameter, cuts <SP, JSTP, in JT, L, 
respectively : prove that KL is bisected by PG^ and is perpen- 
dicular to it. 

81. P being a point on the curve, the locus of the centre of 
the circle inscribed in the triangle 8PH is an ellipse. 

82. Tangents are drawn from any point in a circle through 
the foci, pro>ve that the lines bisecting the angle between the 
tangents all pass through a fixed point. 
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33. If a quadrilateral drcumscribe an ellipse, the angles 
subtended by opposite sides at one of the foci are together equal 
to two right angles. 

34. If the normal at P meet the axis minor in 0, and if the 
tangent at P meet the tangent at the vertex A in F, shew that 
SQiSCiiPVxVA. 

85. P, Q are points in two confocal ellipses, at which the 
line joining the common foci subtends equal angles ; prove that 
the tangents at P, Q, are inclined at an angle which is equal to 
the angle subtended by PQ, at either focus. 

36. The transverse axis is the greatest and the conjugate 
axis the least of all the diameters. 

37. If the tangent and ordinate at P meet the transverse 
axis in T and N, prove that any circle passing through N and T 
¥nll cut the auxiliary drcle orthogonally. 

38. If ST, S'T' he the perpendiculars from the foci on the 
tangent at a point P, and PN the ordinate, prove that 

PY \ PT w NT \ NT. 

39. If a circle, passing through T and Z, touch the migor 
axis in Q, and that diameter of the circle, which passes through 
Q, meet the tangent in P, then PQ=BO, 

40. From the centre of two concentric circles a straight line 
is drawn to cut them in P and Q ; from P and Q straight linee are 
drawn parallel to two given lines at right angles. Shew that the 
locus of their point of intersection is an ellipse. 

41. From any two points P, Q on an ellipse four Hnes are 
drawn to the foci S, S : prove that SP . S^Q and SQ . S'P are to 
one another as tiie squares of the perpendiculars from a focus on 
the tangents at P and Q. 

42. Two conjugate diameters are cut by the tangent at any 
point P mM,N; prove that the area of the triangle CPM varies 
inversely as that of the triangle CPN, 

43. If P be any point on the curve, and ^ F be drawn 
parallel to PC to meet the conjugate 01) in F, prove that the 
areas of the triangles CA F, CPN are equal, PN being the 
ordinate. 

6—2 
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44. Two tangents to an ellipse intersect at right angles; 
prove that the sum of the squares on the chords intercepted on 
them by the auxiliary circle is constant. 

45. Prove that the distance between the two points on the 
circumference, at which a given chord, not passing through the 
centre, subtends the greatest and least angles, is equal to the 
diameter which bisects that chord. 

» 

46* The tangent at P intersects a fixed tangent in T ; if iS is 
the focus and a line be drawn through S perpendicular to ST, 
meeting the tangent at P in Q, shew that the locus of Q is a 
straight line touching the ellipse. 

47* Shew that, if the distance between the foci be greater 
than the length of the axis minor, there will be four positions of 
the tangent, for which the area of the triangle, included between 
it and the straight lines drawn from the centre of the curve to 
the feet of the perpendiculars from the foci on the tangent, will 
be the greatest possible. 

48. Two ellipses whose axes are equal, each to each, are 
placed in the same plane with their centres coincident, and axes 
inclined to each other. Draw their common tangents. 

49. An ellipse is inscribed in a triangle, having one focus at 
the orthooentre; prove that the centre of the ellipse is the centre 
of the nine-point circle of the triangle and that its transverse axis 
is equal to tiie radius of that circle. 

50. Hie tangent at any point P of a circle meets the tan- 
gent at a fixed point AmT, and T is joined with B the extre- 
mity of the diameter passing through A ; the locus of the point 
of intersection oi AP, BT Uk bsl ellipse. 

51. If P(?, the normal at P, cut the major axis in (?, and if 
DR, PN be the ordinates of D and P, CD being conjugate to 
CP, prove that the triangles PON^ DRO are similar; and thence 
deduce that PQ bears a constant ratio to CD. 

52. The ordinate NP at a point P meets, when produced, 
the circle on the major axis in Q. If 5 be a focus of tiie elUpse, 
prove that SQ, : SP :: the axis major : the chord of the drole 
through Q, and 8, and that the diameter of the ellipse parallel to 
SP is equal to the same chord. 
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6S. If the peipendictilar from the tentre on the tangent 
&t P meet the focal diataDco SP produced in E, the locus of R is 
a circle, the diameter bf which is equal to the axis major. 

54. A perf ectly elastic billiard ball lies on an elliptical bil- 
liard table, and is projected in any direction along the table: 
shew that all the lines in which it moves after each successive 
impact touch an ellipse or an hyperbola confocal with the billiard 
table. 

55. Shew that a circle can be drawn through the foci and 
the intersections of any tangent with the tangents at the vertices. 

56. If OP, CD be conjugate semi-diameters, and a rectangle 
be described so as to have PD for a diagonal uid its sides paral- 
lel to the axes, the other angular points will be situated on two 
fixed straight lines passing through the centre C, 

57. If the tangent at P meet the minor axis in T, prove 
that the areas of the triangles SPS, STS' are in the ratio of 
the squares on CD and ST. 

58. Find the locus of the centre of the circle touching the 
transverse axis, SP, and SP produced. 

69. In an ellipse SQ and S^Q, drawn perpendicularly to a 
pair of conjugate diameters, intersect in Q ; prove that the locus 
of Q is a concentric ellipse. 

60. The distance of any point on the auxiliary circle from 
the directrix is proportional to the distance of the focus from the 
tangent at titiat point. 

61. If CQ be conjugate to the normal at P, then is CP 
conjugate to the normal at Q. 

62. PQ is one side of a parallelogram described about an 
ellipse, having its sides parallel to conjugate diametera, and the 
lines joining Py Q to the foci intersect in. D^ E; prove that the 
points Df E and the foci lie on a circle. 

63. If the centre, a tangent, and the transverse axis be 
given, prove that the directrices pass each through a fixed point. 

64. The straight line joining the feet of perpendiculars from 
the focus on two tangents is at right angles to the line joining 
the intersection of the tangents with the other focus, -^r ' ^\ ^^ ' ^ ' <^ 

65. A circle passes through a focus, has its centre on the 
major axis of the ellipse, and touches the ellipse : shew that the 
straight line from the focus to the point of contact is equal to the 
latus rectum. 
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66. Prove that the perimeter of the quadrilateral formed by 
the tangent, the perpendiculars from the foci, and the transverse 
axis, will be the greatest possible when the focal distances of the 
point of contact are at right angles to each other. 

67. Given a focus, the length of the transverse axis, and 
that the second focus lies on a straight line, prove that the 
ellipse will touch two fixed parabolas having the given focus 
for focus. 

68. From any point on one of the equi-conjugate diameters 
two tangents are drawn ; prove that the circle passing through 
the point and the two points of contact will also pass through the 
centre. 

69. If PN be the ordinate of P, and if with centre and 
radius equal to PN a circle be described intersecting PN in Q, 
prove that the locus of Q is an ellipse. 

70. If ^QO be drawn parallel to CTP, meeting the curve in 
Q and the minor axis in 0, 2CP^=A0 . AQ, 

71. PS ia a focal distance; OR is a radius of the auxiliary 
circle parallel to PS, and drawn in the direction from P to S; 
SQ is a perpendicular on CIt ; shew that the rectangle contained 
by SP and QR is equal to the square on half the minor axis. 

72. If a focus be joined with the point where the tangent at 
the nearer vertex intersects any other tangent, and perpendiculars 
be let fall from the other focus on the joining line and on the 
last-mentioned tangent, prove that the distance between the feet 
of these perpendiculars is equal to the distance from either focus 
to the remoter vertex. 

73. A parallelogram is described about an ellipse; if two 
of its angular points lie on the directrices, the other two will lie 
on the auxiliary circle. 

74. From a point in the auxiliary circle straight lines are 
drawn touching the ellipse in P and P^; prove that SP is parallel 
to ST\ 

75. If the tangent and normal at any point meet the axis 
major in T and respectively, prove that 

CG . CT= CS\ 

76. Find the locus of the points of contact of tangents to a 
series of confocal ellipses from a fixed point in the axis major. 
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77. A BerioB of confocal ellipses intersect a given straight 
line ; prove that the locus of the points of intersection of the 
pairs of tangents drawn at the extremities of the chords of inter- 
section is a straight line at right angles to the given straight line. 

78. Given a focus and the length of the major axis; de- 
scribe an ellipse touching a given straight line and passing through 
a given point. 

79. Given a focus and the length of the major axis; de- 
scribe an ellipse touching two given straight lines. 

80. Find the positions of the foci and directrices of an ellipse 
which touches at two given points P, Q, two given straight lines 
PO, QOf and has one focus on the line PQ, the angle POQ being 
less than a right angle. 

81. Through any point P of an ellipse are drawn straight 
lines APQ, A'PM, meeting the auxiliary circle in Q, Jt, and ordi- 
nates Qq, Rr are drawn to the transverse axis ; prove that, L being 
an extremity of the latus rectum, 

Aq . A'r : Ar . A'q :: AO^ : SL\ 

82. If a tangent at a point P meet the major axis in T, and 
the perpendiculars from the focus and centre in Y and Z, then 

TY^ : PY^ :: TZ i PZ. 

83. An ellipse slides between two lines at right angles to 
each other ; find the locus of its centre. 

84. TP, TQ are two tangents, and CP'^ CQ! are the radii 
from the centre respectively parallel to these tangents, prove that 
FQ; U parallel to PQ, 

85. The tangent at P meets the minor axis in t; prove that 

St.PN=BO.CD. 

86. If the circle, centre t, and radius tS, meet the ellipse in 
Q, and QM be the ordinate, prove that 

QM: PN :: BO : BO+CD. 

87. Perpendiculars SYf S'Y* are let fall from the foci upon 
a pair of tangents TY, TY'; prove that the angles STY, STT 
are equal to the angles ''at the base of the triangle YCY', 
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88. PQ is the chord of an ellipse oormal at P, LCL' the 
diameter bisecting it, shew that PQ, bisects the angle LPL' and 
that LP+PL' is constant. 

89. ABG is an isosceles triangle of which the side AB \b 
equal to the side AC. BD^ BE drawn on opposite sides of BC 
and equally inclined to it meet AC in D and E. If an ellipse is 
dencribed round BDE haying its axis minor parallel to BO, then 
AB will be a tangent to the ellipse. 

90. If il be the extremity of the major axis and P any 
point on the curve, the bisectors of the angles PSA, PS' A meet 
on the tangent at P, 

91. If two ellipses intersect in four points, the diameters 
parallel to a pair of the chords of intersection are in the same 
ratio to each other. 

92. Erom any point P of an ellipse a straight line PQ is 
drawn perpendicular to the focal distance SP, and meeting in Q 
the diameter conjugate to that through P ; shew that PQ Taries 
inversely as the ordinate of P. 

93. If a tangent to an ellipse intersect at right angles a tan- 
gent to a confocal ellipse, the point of intersection lies on a fixed 
circle. 

94. If a circle be drawn through the foci of two confocal 
ellipses, cutting the ellipses in P and Q, the tangents to the 
ellipses at P and Q will intersect on the circumference of the 
same circle. 

95. If any two points P, Q be given in an ellipse, prove that 
a third point R may be found so that the angle PRQ is a maxi- 
mum by the following construction. Draw a tangent paraUel to 
PQt touching the ellipse in K, and draw KB perpendicular to the 
major axis, cutting the curve again in B. 

96. Through the middle point of a focal chord a straiglit 
line is drawn at right angles to it to meet the axis in R ; prove 
that SR bears to SO the duplicate ratio of the chord to the dia- 
meter parallel. to it, S being the focus and C the centre. 

97. The tangent at a point P meets the auxiliaxy circle in 
Q^ to which corresponds Q on the ellipse ; prove that the tangent 
at Q cuts the auxiliary circle in the point corresponding to P. 



Examples. 89 

98. If a chord be drawn to a aeries of concentrici similar, 
and similarly situated ellipses, and meet one in P and Q, and if 
on PQ as diameter a circle be described meeting that ellipse again 
in BS, shew that RS is constant in position for all the ellipses. 

99. An ellipse touches the sides of a triangle ; prove that if 
one of its foci move along the arc of a circle passing through two 
of the angular points of the triangle, the other will move along 
the arc of a circle through the same two angular points. 

100. The normal at a point P of an ellipse meets the con- 
jugate axis in K^ and a circle is described with centre K and pass- 
ing through the foci S and H. The lines SQt ^Qi drawn through 
any point Q of this circle, meet the tangent at P in T and t ; 
prove that T and t lie on a pair of conjugate diameters. 

101. If SP, I^Q be parallel focal distances drawn towards 
the same parts, the tangents at P and Q intersect on the auxiliary 
circle. 

102. Having given one focus, one tangent and the eccen- 
tricity of an ellipse, prove that the locus of the other focus is a 
circle. 

lOd. PSQ is a focal chord of an ellipse, and pq is any parallel 
chord ; if PQ meet in T the tangent a^ p, 

pq : PQ ;: Sp I ST, 

104. If an ellipse be inscribed in a quadrilateral so that one 
focus is equidistant from the four vertices, the other focus must 
be at the intersection of the diagonals. 

105. If a pair of conj ugate diameters of an ellipse be produced 
to meet either directrix, prove that the orthocentre of the triangle 
so formed is the corresponding focus of the curve. 

106. A pair of conjugate diameters intercept, on the tangent 
at either vertex, a length which subtends supplementary angles 
at the foci. 



CHAPTER IV. 



THE HYPERBOLA. 



Definition. 

An hyperbola w the curve traced by a point which 
moves in such a manner, that its distance from a given 
point is in a constant ratio 0/ greater ijiequalUy to its 
distance from a given straight line. 

Tracing the Curve. 

89. Let S be the focus, EX the directrix, and A the 
vertex. 




Then, as in Art. 2, any number of points on the curve 
may be obtained by taking successive positions of E on the 
directrix. 
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In SX produced, find a point A^ such that 

SA' : A'X :: SA : AX, 

then A^ is the other vertex as in the ellipse, and, the 
eocentricity being greater than unity, the points A and A' 
are evidently on opposite sides of the directrix. 

Find the point P corresponding to E, and let A^JS, PS 
produced meet m P', then, if P^X^ perpendicular to tho 
directrix meet SE produced in L% 

P'U : rX' :: SA' : A'X 

:: SA : AX, 

and the angle 

P'L'S=rSX=L'SP'i 

:.SP'^P'L\ 

Hence P' is a point in the curve, and PSP' is a focal 
chord. 

Following out the construction^ we observe that, since 
SA is greater than AX, there are two points on the 
directrix, e and ef, such that Ae and Ae' are each equal to 
AS. 

If E coincide with e, the angle 

QSL = LSN=ASe = AeS. 




Hence SQ, AP are parallel, and tho corresponding 
point of the curve is at an infinite distance ; and similarly 
the curve tends to infinity in the direction Ae", 



92 
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Further, the angle A8E is less or greater than AES, 
according as the point E is, or is not, between e and e^. 

Hence, when E is below «, the curve lies above the 
axis, to the right of the directrix ; when between e and X, 
below the axis to the left ; when between X and efy above 
the axis to the left ; and when above ^, below the axis to 
the right. Hence a general idea can be obtained of the 
form of the curve, tending to infinity in four directions, as 
in the figure of Art 98. 

Definitions. 

The line AA' is called the transverse axis qf the 
hyperbola. 

The middle point, C, qfAA' is the centre. 

Any straight line, drawn through C, and terminated 
by the curve is called a diameter, 

90. Prop. I. ^P be any point of an hyperbola, and 
AA' its tran^erse aais, and if A'P, and PA produced, 
{or PA and PA' produced) meet the directrix in E and 
F, EF subtends a right angle at the focus. 

Let PKL, perpendicular to the directrix, meet SF 
produced in L. 




Then 



or 



PL : SA' :: PF : A'F 
:: PK : A'X, 
PL : PK :: .S'^' : A'X\ 
.\ ^^P=tPL, 
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and the angle 

LSP=PLS=^LSX. 

Similarly, if P5' be produced to P', Eff bisects the 
angle ASP' ; 

.*. ESFS& a right angle. 

91. We shall now prove the existence of another focus 
and directrix corresponding to the vertex A\ 

In AA' take a point X such that A'X!^AX^ and 
through X' draw a straight line perpendicular to AA\ 
Also in 8 A' produced, take a point Sf auch that A'S'^AS, 

Let A'P and PA produced meet the perpendicular 
through X in /and «, and join S'e, S^f, 




Then eX : EX :: AX' : AX. 

:; AX : A'X\ 

:: FX :/X; 

.-. eX ./X=-EX. FX=SX^=S'X^. 

Hence eS'/h a right angle. 

Through P draw PXG parallel to the axis meeting 
EX, eX in K, G, and eS\ /Sy produced in L and l\ 
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then PL : PG :: S'A : ^JT. 

and P/ : P6? :: S'A' : A'X'; 

/. PL=Pl; 
and, ZaS'/ being a right angle, 

SrP=PL^Pl; 
/. /S'P : PG :: /S'^' : ^'JT; 

and the curve can be described by means of the focus ^S^' 
and directrix eX^, 

Hence it follows that the curve is symmetrical with 
regard to the point C, and that it lies wholly without the 
tangents at the vertices A and A\ 

92. Prop. II. If PN he the ordinate qf a point P, 
and AG A' ths transverse axis, PN^ is to AN, NA' in a 
constant ratio. 

Join AP^ A'Py meeting the directrix in E and P, 
fig. Art. 90. 

Then PN : AN :: EX : AX, 

and PN : A'N v, FX : A'X; 

,\ PN^ : AN. NA' :: EX,FX : AX,A'X 

:: SX^ : AX.A'X, 

Since ESFh a right angle; that is, Pm is to AN, NA', 
in a constant ratio. 

Through G, the middle point of AA\ draw GB at right 
angles to the axis, and such that 

BG* xAG^v, SX* : AX,A'X; 
then PN^ : AN.NA' :: BG^ : AG\ 

or Pm : GN^-AG^ :: BG^ : AG", 

Cor. If PM be the perpendicular from P on BG, 

PM^ GN, and PiVr= GM, 

.', GM^ : PM^-AG^ :: BG^ : -4(7», 
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or CM* : BC* :: PM^-AC* : AC*; 

/. CM^-^-BC^ : BG^ :: PM* : AC', 

or PAP : CM^-^BC* :: -4(7^ : JJCT 

Conversely, if a point P move in such a manner that PN* is 
io AN . NA' in a constant ratio, PN. being the distance of P 
from the line joining two fixed points A and A', and iV not being 
between A and il', the locus of P is an hyperbola of wliich A A' 
is the transverse axis. 

93. If we describe the circle on AA* as diameter, 
which we may term for convenience, the auxiliary circle, 
the rectangle AN.NA^ is equal to the square on the 
tangent to the circle from N, 

Hence the preceding theorem may be thus expressed : 

Ths ordinate cf an hyperbola is to the tangent front 
its foot to the aiueiliary circle in the ratio of the conjugate 
to the transverse cutis. 

Dep. Jf CW be taken equal to CB^ on the other side of 
the axis, the line BCBf is called the conjugate axis, 

Ths two lines AA', BR are the principal aaes of the 
curve. 

When these lines are equal, the hyperbola is said to be 
equilateral, or rectangular. 

The lines AA', BW are sometimes called major and 
minor axes, but, as AA^ is not necessarily greater than 
BB', these terms cannot with propriety be generally em- 
ployed. 

94. Prop. III. If AC A' be the transverse axis, C 
tJie centre, tS one of the foci, and X ths foot qf the 
directrix, 

CS : CA :: CA : CX :: SA : AX, 

and CS : CX :: CS* : CA*. 

Interchanging the positions of S and X for a new 

S' A* X C X A S 



* 
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figure, the proof of these relations is identical with the 
proof given for the ellipse in Art 57. 

95. Prop. IV. If S he a focui^ and B an extremity 
(\fike conivLg(Ue axis, 

BC^=AS. SA\ and SC^^AC^^BCP. 
Referring to Art. (94), SX=SA -hAX; 

.-. SX : AX :: SA+AX : AX, 
:: SC+AC : AC; 
find similarly 

SX : A'X :: SG^AC : AC; 
.-. SX^ : AX.A'X :: SC^-^AC* : AC^. 
But BC^ : AC^ :: SX* : AX,A'X; 
.'. BC^^SC^-AC^r^AS.SA'. 

Hence SC*=AC*+BC*=AB»; 

i. a /S'C is equal to the line joining the ends of the axes. 

96. Prop. V. 7%« difference qf the focal distances qf 
any point is equal to the transverse axis. 

For, if PKK\ perpendicular to the directrices, meet 
them in JTandiT', 

SP : PIC :: SA : AX, 

and SP : PK :: SA : AX; 

/. S'P-SP : KK' :: SA : AX, 

:: A A' : XT', Art 9a 
.-. !^P-SP=AA\ 

Cob. 1. SP : iVX :: AC : CX; 

/. /S'P : AC :: iVX : CX; 

:. SP^AC : ^(7 :: CN : CX, 

or SP-^AC : CN :: /S^^ : AX. 

Hence also SP-AC : G2V :: iS'-^ : AX. 
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Cob. 2. Hence also it can be easily shewn, that the 
difference of the distances of any point from the foci of 
an hyperbola, is greater or less than the transverse axis, 
according as the point is tcithin or without the concave 
side qf tfie curve. 



97. Mechanical Construction qfthe Hyperbola. 

Let a straight rod S^L be moveable in the plane of the 
paper about the point ^. Take a piece of string, the 




length of which is less than that of the rod, and fasten one 
end to a fixed point S, and the other end to L, then press- 
ing a pencil against the string so as to keep it stretched, 
and a ^t of it PL in contact with the rod, the pencil will 
trace out on the paper an hyperbola, having its foci at S 
and S^y and its transverse axis equal to the difference be- 
tween the length of the rod and that of the string. 

This construction gives the right-hand branch of the 
curve ; to trace the other branch, take the string longer 
than the rod, and such that it exceeds the length of the 
rod by the transverse axis. 

We may remark that by taking a longer rod MS'L, and 
taking the string longer than SS^-\-S'Lf so that the 
point P will be always on the end S'M of the rod, we shall 
obtain an ellipse of which S and S^ are the foci. More- 
over, remembering that a parabola is the limiting form of 
on ellipse when one of the foci is removed to an infinite 
distance, the mechanical construction, given for the para- 
bola, will be seen to be a particular case of the above. 
B. 0. s. 7 
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The Asymptote, 

98. We have shewn in Art. (89) that if two points, e 
and ^, be taken on the directrix such that 

Ae=Ae'=AS, 

the lines eA, afA meet the curve at an infinite dis- 
tance. 

These lines are parallel to the diagonals o^ the rect- 
angle formed by the axes, for 

A^ : AX :: AS : AX, 

SC : AC, Art (93), 

AB: AC, Art. (95), 

Definition. The diagonals of the rectangle formed 
by the principal axes are called the asymptotes. 

We observe that the axes bisect the angles between the 
asymptotes, and that if a double ordinate, PNP', when 
produced, meet the asymptotes in Q and Q', 

PQ=P'Q\ 

The figure appended will give the general form of the 
curve and its connection with the asymptotes and the 
auxiliary circle. 
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99. Prop. VI. The asymptotes intersect the directrices 
in the same points as the auxUiary circle, and the lines 
Joining the corresponding foci toith the points of inter- 
section are tangents to the circle. 

If the asymptote CL meet the directrix in Z>, joining 
SD, fig. Art (98), CL'=A(P+BC^=SC*, 

and CD : CX :: CL : CA 

:: SC : CA 

:: CA : CX; 
,'. CD=CA, and D is on the auxiliary circla 
Also 

CS.CX=CA^=CI)»; 

.*. CBS is a right angle, and SD is the tangent at D. 
Cor. CD^-i-SD^=CS^=^AC^-^BC^, Art. 95; 

.'. SD=BC. 

100. An asymptote may also be characterized as the ultimate 
position of a tangent when Uie point of contact is removed to an 
infinite distance. 

It appears from Art. (7) that in order to find the point of 
contact of a tangent drawn from a point T in the directrix, we 
must join T with the focus 5, and draw through 8 a straight line 
at right angles to ST; this line will meet the curve in the point 
of contact. 

In the figure of Art. (98) we know that the straight line through 
S, parallel to eA or CL, meets the curve in a point at an infinite 
distance, and also that this straight line is at right angles to SD, 
since SD is at right angles to CD. Hence the tangent from D, 
that is the line from D to the point at an infinite distance, is 
perpendicular to DS and therefore coincident with CD, 

Jhe asymptotes therefore touch the curve at an infinite 
distance. 

101. Dbp. J[f an hyperbola be described, having for 
its transverse and conjugate axes, respectively, the eon- 
jugate and transverse axes qf a given hyperbola, it is 
called the conjugate hyperbola. 

7—2 
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It is evident from the preceding article that the conju- 
gate hyperbola has the same asymptotes as the original 
hyperbola, and that the distances of its foci from the centre 
are also the same. 

The relations of Art (92) and its Corollary are also true, 
mutatis mutandis, of the conjugate hyperbola; thns^ in 
Art (92), if P be a point in the conjugate hyperbola, 



and 



cm : PM^+AC* :: B(P : AC*. 



Def. a straight line drawn through the centre and 
terminated by the cor^jttgate hyperbola is also called a 
diameter qfthe original hyperbola. 

102. Pbop. VII. If from any point Q in one qf the 
asymptotes, two straight lines QPN, QBM be drawn at 
right angles respectively to the transverse and covjtigate 
aaes, and meeting the hyperbola in P, p, and the cor^Vr 
gate hyperbola in B, r. 



and 



QP.Qp^BC*, 
QB.Qr^AC*. 



:Rya^ 




For QN^ : BC^ :: CIP' : AC^; 

.'. QIP'-BC* : BC' :: CN^-AC* : AC* 

:: PN^ : BC*', 
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.'. QN*^B(P:=PN^, 


or 


QN*'PIP=^B(P; 


i.a 


QP.Qp=B(P. 
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Similarly, QJin : AC^ :: CM* : B(P; 
.\ QM^-ACP: AC* :: CAP-BC* : BC*, 

:: BM* : AC*; 
/. Q3f*-RM*=AC*, 
or QB.Qr^AC*. 

These relations may also be given in the form, 
QP.Pq=BC^, QB.B^=AC*. 

Cob. If the point Q be taken at a greater distance 
from Cy the length QN and therefore Qp will be increased 
and may be increased indefinitely. 

But the rectangle QP . Qp is of finite magnitude ; 
hence QP will be indefinitely diminished, and the curve, 
therefore, as it recedes from the centre, tends more and 
more nearly to coincidence with the asymptote. 

A further illustration is thus given of the remarks in 
Art (100). 

103. If in the preceding figure the line Qq be pro- 
duced to meet the conjugate hyperbola in E and e, it can 
be shewn, in the same manner as in Art (102), that 

QE.Qe^'BC*; 
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and this equality is still true when the line Qq lies between 
C and A, in which case Qq does not meet the hyperbola. 



Properties qf the Tangent and Normal. 

104. Prop. YIII. The tangent at any point bisectg 
the angle between tJts focal distances qf that point, and the 
normal is equally inclined to the focal distances. 

Let the normal at P meet the axis in G. 

Then, Art. (16), 

Sa : SP :: 8A : AX, 

and /STG iJSTP :: SA : AX; 

.-. SG : S'G :: SP : STP; 

and therefore the angle between SP and S'P produced is 
bisected by PG. 

Hence PTthe tangent, which is perpendicular to PG, 
bisects the angle SPS". 

Coa. 1. If PT and GP produced meet, respectively, 
the conjugate axis in t and g, it can be shewn, in exactly 
the same manner as in the corresponding case of the ellipse, 
Art 64, that the circle which circumscribes SPS' also 
passes through t and g. 

Cob. 2. If an ellipse be described having S and S' for 
its foci, and if this ellipse meet the hyperbola in P, the 
normal at P to the ellipse bisects the angle SPS', and 
therefore coincides with the tangent to the hyperbola. 

Hence, if an ellipse and an hyperbola be confocal, that 
is, have the same foci, they intersect at right angles. 

106. Prop. IX. Every diameter is bisected at the 
centre, and the tangents at the ends qf a diameter are 
parallel. 

Let PCp be a diameter, and PN, pn the ordinates. 
Then CIP : On* :: PN* : pn\ 

:: CN*-AC* : Cn^^AC; 
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hence 


CN=On, 


and 


:,CP=Cp. 
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Again^ if PT, pt be the tangents, 

The triangles PCS, pCS^ are equal in all respects, 
and therefore SPS^p is a parallelogium. 

Hence the angles SPS^, SpS^ are equal, and therefore 
SPT==£rpt. 

But SPG=£rpC, 

.'. the difference 2'Pd7=the difference tpC, and PT 
is parallel to p^ 

It can be shewn in exactly the same manner, that, if 
the diameter be terminated by the conjugate hyperbola, 
it is bisected in C, and the tangents at its extremities are 
parallel 

Cob. The distances SP, Sp are equally inclined to the 
tangents at P and p, 

106. Prop. X. The perpendictdars from the foci 
on any tangent meet the tangent on the auasiliary circle, 
and the semi-cor^tigate cuds is a mean proportional be- 
tween their lengths. 

Let SYy S^Y' be the perpendiculars, and let /SF pro- 
duced meet S'P in L, 

Then the triangles SPY, LPY are equal in all re- 
spects, 

Bud SY=LY. 
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Hence, C being the middle point ofSS' and Y of SL^ 
CYiB parallel to S'L, and S'L=2CY. 




But S'L^S'P-PL==S'P-SP=2AC; 

.'. CY=AG, 
and Y is on the auxiliary circla 

So also y is a point in the circle. 

Let A^F produced meet the circle in Z, and join Y^Z; 
then, F' YZ being a right angle, ZY' is a diameter and 
passes through C. Hence, the triangles SCZ, S^C Y' being 
equal, 

&Y=8Z, 

and 8Y.S'Y=SY,SZ=SA.SA'=BG^. 

Cob. 1. If P' be the other extremity of the diameter 
PC, the tangent at P' is parallel to P F, and therefore Z 
is tiie foot of the perpendicular from S on the tangent 
atP'. 

Cob. 2. If the diameter DCD\ drawn parallel to the 
tangent at P, meet S'P, SP in E and E\ PECY is a 
parallelogram ; 

:. PE^CY=AC, 
and so also PE=GY=^Aa 

107. Pbop. XI. To draw tangents to an hyperbola 
from a given point. 
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The coDstraction of Art. (14) may be employed, or, as in 
the cases of the ellipse and parabokk, the following. 

Let Q be the given point ; join SQ^ and npon SQ as 




diameter describe a circle intersecting the auxiliary circle 
in Fand Y' \ 

Q Y and Q Y' are the required tangents. 

Producing SY io Z, so that YL=SY, draw S'L 
cutting QY in P, and join SP. 

The triangles SPY, LP Y are equal in all respects, 

and S'P-SP^S'L^^CY^^AG, 

.*. P is a point on the hyperbola. 

Also QP bisects the angle SPI^, and is therefore the 
tangent at P. A similar construction will give the other 
tangent QP*, 

If the point Q be within the angle formed by the 
asymptotes, the tangents will both touch the same branch 
of the curve ; but if it lie within the external angle, they 
will touch opposite branches. 

108. Prop. XII. If two tangents he drawn from any 
point to an hyperbola they are eqitally inclined to the 
focal distancee cf that point. 
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Let PQ, P'Q be the tangents, SY, STT, SZ, STZ' the 
perpendiculars from the foci; join YZ, Y'Z^ 




Then the angles YSZ, Y'S'Z^ are equal, for they are 
the supplements of YQZ, TQZ\ 

Also 6^F.^'y'=^Z.^Z',Art(106); 
or SY\8Zv,^Z^iS^Y'\ 

.-. the triangles YZ8, YS'Z' are similar, 

and the angle YZS^Z Y'S\ 

But the angle YQ8= YZS, and ZQS'^ZYS' ; 

/. YQS^Z'QS". 

That is, the tangent QP, and the tangent P'Q pro- 
duced, are equally inclined to SQ and S'Q. 

Or, producing S'Q, QP and QP" are equally inclined 
to QJS and S'Q produced. 

In exactly the same manner it can be shewn that if 
QPy QP touch opposite branches of the curve the angles 
PQS, RQS' are equal 

Cob. If Q be a point in a confocal hyperbola, the nor- 
mal at Q bisects the angle between SQ and S'Q produced 
and therefore bisects the angle PQP". 

Hencoy if from any point qfan hyperbola tangents be 
dravon to a confocal hyperbola^ these tangents ctre equally 
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inclined to the normal or the tangent cU the point, (accord- 
ing as it lies within or without that angle formed by the 
asymptotes of the covifocal which contains the transverse 
axes. 

109. Prop. XIII. IfPT, the tangent at P, meet the 
transverse axis in T, and PN be the ordinate, 

CN. CT^AC^. 

Let fall the perpendicular Sy upon PT, and join yN, 
Cy, SP, and S^P, 




The angle OyT=S'Py 

"SPy 

=the supplement of SNy 

= CJSry; 

also the angle yCT is common to the two triangles CyT^ 
CyN; these triangles are therefore similar, 

and CN : Oy :: Cy : CT, 

or CN.CT=(Y=:AC^. 

Cor. 1. Hence CN.NT=CN^^CN.CT 

^GN*-AC^ 
=AN.NA\ 

Cor. 2. Hence also it follows that 

If any number of hyperbolas be described haying the 
same transverse axis, and an ordinate be drawn cutting 
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the hyperbolas, the tangents at the points of section will 
all meet the transverse axis in the same point. 

Cor. 3. If CN be increased indefinitely, CT is dimi- 
nished indefinitely, and the tangent ultimately passes 
throngh C, as we have already shewn, Art (100). 

110. Pbop. XIV. J^the tangent at P meet the conr 
jugate axis in t, and PN he the ordinate^ 

Ct.PN^BG\ 

For, Fig. Art (109), 

Then Ct : PN :: CT ; NT; 

.\ Ct. PN:PN^ :: CT. CNiCN.NT 

::Aa:AN.NA\ 
.-. a.PNiAC^i: PN^ : AN. NA\ 

:: BC^ : AC^, 
and Ct.PN^BC^. 

111. Prop. XV. Jft?ie normal at P meet the tram- 
Terse axis in Gj the corrugate axis in g, and the diameter 
parallel to the tangent at P in F, 

PF.PG=BC, BJidPF.Pg=AC. 

Let NP, PMy perpendicular to the axes, meet the dia- 




meter CF in K and Z, and let the tangent meet the axes 
in Tandt 
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Then KNGy KFG being right angles, a circle can be 
described about KFNG, and therefore 

PF. PG=PK, PN= Ct . PN 






/T It 9 



Similarly a circle can be drawn through FLMg ; 
.-. PF. Pg=PL. PM^ CT. CN, 

CoR. Hence PG : Pg :: B(P : A(P. 
Also PNG, PMg are similar triangles; 
.-. NG : JIfP :: PG : P^, 
or NG : (7iV :: ^C^ : -4CT 

Hence (7(? : CN :: a^C^ : .4C72. 

As in the case of the ellipse, it can be shewn that 
CG.CT=Cg.Ct=SG*, 
and that Cg : PN :: SC^ : BCK 

112. Prop. XVI. If PCp he a diameter, and QV 
an ordinate^ and if the tangent at Q meet the diameter 
Pp in T, 

CV. CT= CP^. 



110 



The Hyperbola. 



Let the tangents at P and p meet the tangent at Q in 
R and r ; 




in> 



' Then the angle SPB^Spr, Cor. Art (105), 

and therefore if BNy m be the perpendiculars on SP, sp, 
the triangles BPN, rpn are similar. 

Draw BMf rm perpendiculars on SQ, 
Then TR : Tr :: RP : rp, 

:: RN : m, 

:: RM: rrn^ Cor. Art. (13), 
:: RQ : rQ. 
Hence, QV, RP, and rp being parallel, 

TP: Tpv.PV:pV\ 
:, TP-\-Tpi Tp-TP :: PF+pV : pV-PV, 
or 2CP : 2CT :: 2CV : 2CP, 

or Cr. CT^CP\ 
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113. P&op. XVII. A diameter bisecU aU chords 
parallel to the tangents ai its extremities. 

Let PCp be the diameter, and QQ the chord, parallel 




to the tangents at P and p. Then if the tangents TQ^ 
TQf at Q and Qf meet the tangents at P and /?, in the 
points E. E\ e, ^, 

EP=E'P and ep=efp, Art. (16); 

.*. The point T is on the line Pp ; 

but TP bisects QQ'; 

that is, the diameter pC7P produced bisects QQ\ 

Def. The line DCd^ drawn parcUlel to the tangent at 
Py and terminated by the cor^iigate hyperbola^ that isy the 
diameter parallel to the tangent at P, is said to be con- 
jugate to PCp. 

A diameter therefore bisects all chords parallel to its 
conjugate. 

114. Peop. XVIII. 1/ the diameter DCd be canju^ 
gaJte to PCp, then will PCp be conjugate to DCd. 

Let the chord QVq be parallel to CD and be bisected 
in V by CP produced. 

Draw the diameter qCR, and join BQ meeting CD 
in U. 

Then RC=Cq and CF= Vq; 

:. QB is parallel to CP. 
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Also 


QU : TJR :: Cq : CB, 


and 


.-. QU^ TJR 




that is, CD bisects the chords parallel to (7P, and PCp is 
therefore conjugate to DCd. 

Hence when two diameters are conjugate, each bisects 
the chords parallel to the other. 

Dep. Chorda drawn from, the extremities qf any 
diameter to a point on the hyperbola are called sup- 
plemental cTiords, 

Thus, qQy QR are supplemental chords, and they are 
parallel to CD and CP; supplemental chords are there- 
fore parallel to conjugate diameters. 

Dep. a line Q F, drawn from any paint Q qf an 
hyperbola, parallel to a diameter DCd, and terminated 
by the corrugate diameter PCp, is called an ordinate of 
the diameter PCp, and if QV produced Tneet the curve 
in Q', QVQ^ is the double ordinate. 

This definition includes the two cases in which QQf may 
be drawn so as to meet the same, or opposite branches of 
the hyperbola. 

115. Prop. XIX. Any diameter is a mean pro- 
portional betioeen the transverse axis and the focal chord 
parallel to the diameter. 

This can be proved as in Art. 76. 
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Properties qf Asymptotes. 

116. Prop. XX. Tf from any point Q in an ctsymp- 
tote QPpq he dravm meeting the curve in P, p and the 
other asymptote in q^ and if CD he the semi-diameter 
parallel to Qq^ 

QP.Pq^CD^ and QP =pq. 

Through P and Z> draw RPr, DTt perpendicular to 
the transverse axis, and meeting the asymptotes. 




Then QP : RP :: CD : DT, 

and Pq : Pr :: CD : Dt; 
.-. QP.Pq : BP.Pr :: CD^ : DT.Dt. 
But BP.Pr = BC^ ^DT.DtyAxi. (103), 

.-. QP.Pq=CD^. 
Similarly qp.pQ=CD^; 

/. QP.Pq =qp.pQ; 
or, if F be the middle point of Qq, 

QV^^PV^=QV^-pV^. 

Hence P V=p V, 

and .*. PQ-pq. 

We have taken the case in which Qq meets one branch 
of the hyperbola. It may however be shewn in the same 
manner that the same relations hold good for the case in 
which Qq meets opposite branches. 

B. c. s. 8 
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Cor. Jfa straight line PP'p'p meet tlie hyperbola in 
P, p^ and the cor^'ttgate hyperbola in P'jp', PI^=pp\ 

For, if the line meet the asymptotes in Q, q, 

and PQ=gp; 

.'. PP'=pp\ 

117. Paop. XXI. The portion of a tangent, vshich is 
terminated by the asymptotes^ is bisected at the point qf 
contact, and is equal to the parallel diameter, 

LEI being the tangent. Fig. Art (116), and DCd the 
parallel diameter, draw any parallel straight line QPpq 
meeting the curye and the asymptotes. 

Then QP=pq; and, if the line move parallel to itself 
until it coincides with LI, the points P and p coincide with 
EySiid,'.LI!=EL 

Also QP . Pq = CD^, always, and therefore 

LB.El=CI>^, 
or LE=CD. 

It may be noticed that since the asymptotes are tangents, 
the fact that LE-=El is a particular case of the general property 
demonstrated in Art. (16). 



Properties of Cor^vgate Diameters, 

118. Peop. XXII. Conjugate diameters qf an hyper- 
bola are also corrugate diameters of the conjugate hyper^ 
bold, and the asymptotes are diagonals qf the paraUetO" 
gram formed by the tangents at their extremities, 

PCp and DCd being conjugate, let QVq^ a double 
ordinate of CD, meet the conjugate hyperbola in Q 
and ^. 

Then QV=Vq, 

and QQf=q^, Cor. Art. (116) ; 

.-. QV= Vq'. 
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That is, CD bisects the chords of the conjugate hyperbola 
parallel to CP. 




Hence CD and CP are conjugate in both hyperbolas, 
and therefore the tangent at Z> is parallel to CP, 

Let the tangent at P meet the asymptote in L ; then 

PL^CD. Art (117). 

Hence LD is parallel and equal to CP\ 
but the tangent at D is parallel to CP ; 

.'. LD is the tangent at D, 

Completing the figure, the tangents at p and d are 
parallel to those at P and 2>, and therefore the asymptotes 
are the diagonals of the parallelogram LWL', 

CoE. Hence, joining PD, it follows that PD is parallel 
to the asymptote ICL\ since LP=PL\ and LD=Dl, 

119. Prop. XXIH. If QV he an ordinate qf a dia- 
meter PCp, and DCd the corrugate diameter^ 

QV^ : PV. Vp :: CZ>« : CP^. 

Let Q V, and the tangent at P, meet the asymptote in 
R and L. 

Then LP being equal to CD, 

RV^ : CD^ :: CV^ :: OP"; 

8—2 
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/. RV^'-CD* : CD* :: CF^-CP^ : CP*. 
But RV^'QV^=CD». 




Hence QV^ : CJD» :: CV^-CP^ : CP*, 
or Qra : PV. Vp :: CZ)" : CP^. 

120. Pbop. XXIV. If QV he an ordinate qf a dia- 
meter PCpt and if the tangent at Q meet the corrugate 
diameter^ DCd, in t, 

Ct.QV=CU^. 

For, fig. Art (113), 

Ct : QV :: CT : VT, 

and ,-. Ct.QV : QV^ :: CV.CT : CV. VT, 

But CV.CT^GP^, Art (112), 

sjidCV.VT=^CJ^'-CV.CT=:CJ^^CP^; 

.'. Ct.QV : QV^ :: CP» : CV^-CP^, 

:: CB^ : QF". Art (119). 

Hence Ct.QV =CD\ 

121. Prop. XXV. ^ ACa^ BCb he conjugaU dia- 
meters^ and PCp, DCd another pair qf coiyugate dior 
meters, and ifPN, DM he ordinates ofACa, 

CM : PN :: AC : BC, 

and DM : CN :: BG : AC 
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Let the tangents at P and D meet A Gain T and ty 




then CN. CT=AC' = CM. Ct, Arts. (112) and (120), 

.-. CM : CN :: CT : Ct, 
:: Pr : CA 
::PN:DM, 
:: CJV : ifeR; 

.-. CN^=CM.m^OM^+cjii.a 

=^CM^+A(P, 

and CM*=CIP-AC^. 

» 

But PiV^» : CN^-AG* :: 5(72 : ^(7»; 

.-. PN : Cif :: 5(7 : AC; 

and, simUarly, 2>if : CN :: BC : AC. 

Cor. We have shewn in the course of the proof, that 

CN^-CM^=^AC^. 

Similarly, if Pn, Dm be ordinates of BC, 

Cm^-Cn^=BC^i 

that is, DM^-PN^^BC^; 

and it must be noticed that these relations are shewn for 
any pair of conjugate diameters ACa, BCb, including of 
course the axes. 
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122. Peop. XXVI. If GP, CD he conjugate 9ernu 
diameters^ and AGy BC the semi-axes. 

For, drawing the ordinates PiV, D3f, and remembering 
that in this case the angles at N and M are right angles, 
we have, from the figure of the pre?ioas article, 

CP^=CN^+FN\ 

CD^^C3P+DM^. 

But CIP- CAP^AC^ and DM^-PIP=B(P; 

:. CP^-CB^^AC^-BC^. 

123. Pbop. XXYII. J[fthe normal at P meet the axes 
in O andg, 

PO : CD :: BC : AC, 
and Pg : CD :: AC : BC, 

For the proofs of these relations, see Art (79). 
Obsenre also that 

PG.Pg^CD^, 

and that 

Qg : CD :; SC^ : AC. BC. 

124. Pbop. iSlXVIII, The area of the parallelogram 
formed by the tangents at the ends qf conjugate diameters 
is eqttal to the rectangle contained by the axes. 

Let CPj CD be the semi-diameters, and PN, DM the 
ordinates of the transverse axis. 
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Let the normal at P meet CD in F^ and the axis in 
G, Then PNG, CDM are similar triangles, and, exactly 
as in Art (80), it can be shewn that 

PF.CD=AG.Ba 

126. Prop. XXIX. If SP, SP he the focal du- 
tance qf a point P, and CD be corrugate to CP, 

sp.s'p^cm 

Attending to the figure of Art (106), the proof is the 
same as that of Art (81). 

126. Prop. XXX. J[f the tangent at P meet a pair 
qf conjugate diameters in T and t, and CD be corrugate 
to CP, 

PT.Pt^CD^. 

This can be proved as in Art (82). 

It can also be shewn that if the tangent at P meet 
two parallel tangents in T^ and ^, 

Pr.Pf^CD'. 

127. Prop. XXXI. J/ the tangent at P meet the 
atymptotes in L and L\ 

CL.CU=SC*. 

Let the tangent at A meet the asymptotes in K and 
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K'; then, Arts. 118 and 124, the triangles LCL\ KCK are 
of equal area, and therefore 

CL : CK* :: CK : CL, Budid, Book VL, 
or CL.CL^CK^ 

Cos. If PH, PH' be drawn parallel to, and ter- 
minated by the asymptotes, 

4:.PH.PH'=CS^, 

for CL=-2PH\ and CL'=^2PH. 

128. Fbop. XXXIl. Pairs qftangmU at right angles 
to each other intersect on a fixed circle. 

PT, QT being two tangents at right angles, let SY, 
perpendicular to PT, meet S'P in K. 




Then, Art. (108), the angle 

S'TY'^QTS, 
and obviously, KTP = P TS; 

therefore S'TY' is complementary to KTP, and S'TK\a 
a right angle. 
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Hence 

=2 . C7T»+2 . CS^ by Euclid IL 12 and 13; 

and the iocus of T is a circle. 

If ^(7 be less than BC^ this relation is impossible. 

In this case, however, the angle between the asymp- 
totes is greater than a right angle, and the angle PTQ 
between a pair of tangents being always greater than the 
angle between the asymptotes is greater than a right angle. 
The problem is therefore h priori impossible for the 
hyperbola, but becomes ][)ossible for the conjugate hyper- 
bola. 

As in the case of the ellipse, the locus of 7* is called 
the director circle. 

129. Pbop. XXXIIL The rectangles contained hy ths 
segments qf any two chords which intersect each other 
are in the ratio cfthe squares on the parallel diameters. 

Through any point in a chord QOQ' draw the dia- 




meter ORRf ; and let CD be parallel to QQ\ CP conjugate 
to C2>, and bisecting QQf in F. 
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Draw BUbji ordinate of CP. 
Then RU* : CIP'-CP^ :: CD^ : CP*, 
.-. CLf^-^RlP : CCT" :: (72>« : C7/», 




But iBfT* : OIP :: Or« : CF"; 

or aZ)» : C72>«+QF«-OF8 :: C7/7> : CV^ 

:: C«» : CO^\ 
:. cm : QF«-Or« :: CB? : CO'-CB?, 
or CB" : QO.OQT :: CK« : OB.OJRf. 

Similarly, if qOq' be any other chord, and Cd the 
parallel semi-diameter, 

CcP : qO.Og^ :: CK" : OB. OR; 

that is, the ratio of the rectangles depends only on the 
directions of the chords. 

Pbop. XXXIV. J^ a circle interact an hyperbola 
in four points^ ths several pairs qf the chords qf inter- 
section are equally inclined to the axes. 

For the proof, see Art (87). 
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Examples. 

1. If a drde be drawn so as to touch two fixed circles 
externally, the locus of its centre is an hyperbola. 

2. If the tangent at ^ to the conjugate meet the latus 
rectum in D, the triangles SOD, SXD are similar. 

8. The straight line drawn from the focus to the directrix, 
parallel to an asymptote, is equal to the semi-latus-rectam, and 
is bisected by the curve. 

4. Given the asymptotes and a focus, find the directrix. 

5. Given the centre^ one asymptote, and a directrix, find 
the focus. 

6. Parabolas are described passing through two fixed points, 
and having their axes parallel to a fixed line; the locus of theur 
foci is an h^iperbola. 

7* The base of a triangle being given, and also the point of 
contact with the base of the inscribed circle, the locus of the 
vertex is an hyperbola. 

8. If the normal at P meet the cox^ugate axis in g, and 
gN be the perpendicular on SP, then PN=AO, 

9. Draw a tangent to an hyperbola, or its conjugate, parallel 
to a given line. 

10. If ilil' be the axis of an ellipse, and PNP' a double 
ordinate, the locus of the intersection of A'P and P^A is an hy« 
perbola. 

11. The tangent at P bisects any straight line perpendicular 
to AA\ and terminated by AP, and A'P» 

12. If PCp be a diameter, and if Sp meet the tangent at P 
inT, 

8P=8T. 

13. Given an asymptote, the focus, and a point; construct 
the hyperbola. 

14. A circle can be drawn through the fod and the inter- 
sections of any tangent with the tangents at the vertices. 

15. Given an asymptote, the directrix, and a point; con- 
struct the hyperbola. 
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16. If through any point of an hyperbola straight lines are 
drawn parallel to the asymptotes and meeting any semi-diameter 
CQinP and jB, 

CP,CR=CQ^. 

17. PN is an ordinate and NQ parallel to AB meets the 
conjugate axis in Q; prove that QB . QB'=iPN*, 

18. NP is an ordinate and Q a point in the curve; AQ^ 
A'Q meet iVP in D and if ; prove that ND . NJS=^NP*. 

19. If a tangent cut the major axis in the point T, and per- 
pendiculars 8Tt HZ be let fall on it from the foci, then 

AT,A'T^TT,ZT. 

20l In the taugent at P a point Q is taken such that PQ, is 
proportional to CD; shew that the locus of Q is an hyperbola. 

21. Tangents are drawn to an hyperbola, and the portion of 
each tangent intercepted by the asymptotes is divided in a con- 
stant ratio; prove that the locus of the point of section is an 
hyperbola. 

22. If the tangent and normal at P meet the conjugate 
axis in t and K respectively, prove that a circle can be drawn 
through the foci and the three points P, t, K, 

Shew also that 

QK : BK r. BA : AX^ 

and Bt\tK x^ BC \ CD, 

CD being conjugate to CP. 

23. 81iew that the points of trisection of a series of center^ 
minous circular arcs lie on branches of two hyperbolas; and 
determine the distance between their centres. 

24. If the tangent at any point P cut an asymptote in T, 
and if 8P cut the same asymptote in Q, then SQ=Q,T, 

25. A series of hyperbolas having the same asymptotes is 
cut by a straight line parallel to one of the asymptotes, and 
through the points of intersection lines are drawn parallel to the 
other, and equal to either semi-axis of the corresponding hyper- 
bola: prove that the locus of thdr extremities is a parabola. 

26. Prove that the rectangle PT . PT* in an ellipse is equal 
to the square on the conjugate axis of the confocal hyperbola 
passing through P. 
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27. If the tangent at P meet one asymptote in T, and a 
line TQ be drawn parallel to tbe other asymptote to meet the 
curve in Q; prove that if PQ, be joined and produced both ways 
to meet the asymptotes in R and R, RBf will be trisected at the 
points P and Q. 

28. The tangent at a point P of an ellipse meets the hyper- 
bola having the saQie axes as the ellipse in C and D, If Q be 
the middle point of CD, prove that OQ and OP are equally 
inclined to the axes, being tbe centre of the ellipse. 

29. Given one asymptote, the direction of the other, and 
the position of one focus, determine the position of the vertices. 

80. Two points are taken on the same branch of the curve, 
and on the same side of the axis ; prove that a circle can be 
drawn touching the four focal distances. 

81*. Supposing the two asymptotes and one point of the 
curve to be given in position, shew how to construct the curve ; 
and find the position of the foci. 

32. Given a pair of ooigugate diameters, construct the axes. 

83. If PH, PK be drawn parallel to the asymptotes from a 
point P on the curve, and if a line through the centre meet them 
in 12, T, and the parallelogram PRQT be completed, Q ia a point 
on the curve. 

84. The ordinate NP at any point of an ellipse is produced 
to a point Q, such that NQ is equal to the subtangent at P; 
prove that the locus of Q is an hyperbola. 

85. If a given point be the focus of any hyperbola, passing 
through a given point and touching a given straight line, prove 
that the locus of the other focus is an arc of a fixed hyperbola. 

86. An ellipse and hyperbola are described, so that the foci 
of each are at the extremities of the transverse axis of the other ; 
prove that the tangents at their points of intersection meet the 
conjugate axis in points equidistant from the centre. 

87. A circle is described about the focus as centre, with a 
radius equal to one-fourth of the latus rectum : prove that the 
focal distances of the points at which it intersects the hyperbola 
are parallel to the asymptotes. 

88. The tangent at any point forms a triangle with the 
asymptotes : determine the locus of the point of intersection of 
the straight lines drawn from the angles of this triangle to bisect 
the opposite sides. 
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89. If ST, S'T* he the perpendiculars on the tangent at P, 
a circle can be drawn through the points F, Y', N, C. 

40. The straight lines joining each focus to the foot of the 
perpendicular from the other focus on the tangent meet on the 
normal and bisect it. 

41. If the tangent and normal at P meet the axis in T and 
0,NG.CT=^BOK 

42. If the tangent at P meet the axes in T and t, the angles 
PSt, STP are supplementary. 

43. If the tangent at P meet any conjugate diameters in T 
and tf the triangles SPT, S^Pt are similar. 

44. If the diameter conjugate to CP meet 8P and S'P in E 
and E', pro?e that the circles about the triangles SCE^ SCE" are 
equal. 

45. The locus of the centre of the circle inscribed in the tri- 
angle SPS' is a straight line. 

46. If PN be an ordinate, and NQ parallel to AP meet CP 
in Q,,AQh& parallel to the tangent at P, 

47. If an asymptote meet the directrix in D, and the tan- 
gent at the vertex in E, AD is parallel to SE. 

48. The radius of the circle touching the curve and its 
asymptotes is equal to the portion of the latus rectum produced, 
between its extremity and tiie asymptote. 

49. If (? be the foot of the normal, and if the tangent meet 
the asymptotes in L and M, GL^^GM, 

50. With two conjugate diameters of an ellipse as asymp- 
totes, a pair of conjugate hyperbolas is constructed : prove that 
if one hyperbola touch the ellipsei the other will do so likewise; 
prove also that the diameters drawn through the points of con- 
tact are conjugate to each other. 

51. If two tangents be drawn the lines joining their inter- 
sections with the asymptotes will be parallel 

52. The locus of the centre of the circle touching SP, S'P 
produced, and the major axis, is an hyperbola. 

53. If from a point P in an hyperbola, PK be drawn parallel 
to an asymptote to meet the directrix in JT, then PE=SP, 

54. If PD be drawn parallel to an asymptote, to meet the 
conjugate hyperbola in J), CP and CJ) are conjugate diameters. 
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55. If QR be a chord parallel to the tangent at P, and if 
QLf PN^ RM be drawn paiallel to one asymptote to meet the 
other, 

CL , CM^ CN\ 

56. If a circle touch the transyerae axis at a focus, and pass 
through one end of the conjugate, the chord intercepted by the 
conjugate is a third proportional to the conjugate and transverse 
semi-axes. 

57. A line through one of the vertices, terminated by two 
lines drawn through the other vertex parallel to the asymptotes, 
is bisected at the other point where it cuts the curve. 

58. If PSQ, be a focal chord, and if the tangents at P and Q 
meet in T, the difference between PTQ, and half PSQ, is a right 
angle. 

59. If a straight line passing through a fixed point G meet 
two fixed lines OA^ OB \si A and B^ and if P be taken in AB 
such that CP*=^ CA . CB^ the locus of P is an hyperbola, having 
its asymptotes parallel to OA^ OB, 

60. If from the points P and Q in an hyperbola there be 
drawn PL, QM parallel to each other to meet one asymptote, 
and PB, QN also parallel to each other to meet the other asymp- 
tote, PZ . PJ2 = ^3f . ©iV: 

61. Prove that the locus of the point of intersectidn of two 
tangents to a parabola which cut at a constant angle is an 
hyperbola, and that the angle between its asymptotes is double 
the external angle between the tangents. ' 

62. An ordinate VQ of any diameter CP is produced to 
meet the aefymptote in R, and the conjugate hyperbola in Q'; 
prove that Q F« + Q' F« = 2R 7«. 

Prove also that the tangents at Q and ^ meet the diameter 
CP in points equidistant from C, 

63. A chord QPL meets an asymptote in L, and a tangent 
from L is drawn touching at i2; if PM, RE, QN, be drawn 
parallel to the asymptote to meet the other, 

PM+QN=2.RE. 

64. Tangents are drawn from any point in a circle through 
the foci ; prove that the lines bisecting the angle between the 
tangents, or between one tangent and the other produced, all 
pass through a fixed point. 
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65. If a circle through the foci meet two oonfoc&l hyper- 
bolas' in P and Q, the angle between the tangents at P and Q is 
equal to PSQ. 

66. It SY, S'Y* he perpendiculars on the tangent at P, and 
if PiV^be the ordinate, the angles PNT, PNY* are supplementary. 

67. Find the poeition of P when the area of the triangle 
YCY' is the greatest possible, and shew that, in that case, 

PN.SO-^BC*. 

68. If the tangent at P meet the conjugate axis in <, the areas 
of the triangles SPS^, StS" are in the ratio of CD* : S^, 

69. li SY, 8Zhe perpendiculars on two tangents which meet 
in T, YZ is perpendicular to S'T. 

70. A circle passing through a focus, and having its centre 
on the transverse axis, touches the curve; shew that the focal 
distance of the point of contact is equal to the Latus Bectum. 

71. If CQ be conjugate to the normal at P, then is CP con- 
jugate to the normal at Q. 

72. From a point in the auxiliary circle lines are drawn 
touching the curve in P and i"; prove that SP, 8^P' are parallel. 

73. If the tangent and normal at P meet the axis in T and Ot 

CT. CG=SC*. 

74. ^B^d the locus of the points of contact of tangents to a 
series of confocal hyperbolas firom a fixed point in the axis. 

75. Tangents to an hyperbola are drawn from any point in 
one of the branches of the conjugate, shew that the chord of con- 
tact will touch the other branch of the conjugate. 

76. An ordinate NP meets the conjugate hyperbola in Q ; 
proTe that the normals at P and Q meet on the transverse axis. 

77. A parabola and an hyperbola have a common focus 8 
and their axes in the same direction. If a line SPQ cut the curves 
in P and Q, the angle between the tangents at P and Q is equal 
to half the angle between the axis and the other focal distance of 
the hyperbola. 

78. If a hyperbola be described touching the four sides of a 
quadrilateral which is inscribed in a circle, and one focus lie on 
the circle, the other focus will also lie on the circle. 
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79. A. oonic section is drawn touching the asymptotes of an 
hyperbola. Prove that two of the chords of intersection of the 
curves are parallel to the chord of contact of the conic with the 
asymptotes. 

80. A parabola P and an hyperbola ^have a common focus, 
and the asymptotes of H are tangents to P; prove that the tangent 
at the vertex of P is a directrix of ff, and that the tangent to 
P at the point of intersection passes through the further vertex 

of ir. 

81. From a given point in an hyperbola draw a straight 
line such that the segment intercepted between the other inter- 
section with the hyperbola and a given asymptote shall be equal 
to a given line. 

When does the problem become impossible t 

82. If an ellipse and a confocal hyperbola intersect in P, an 
a83nGQptote passes through the point on the auxiliary circle of the 
ellipse corresponding to P. 

83. P is a point on an hyperbola whose fod are 8 and ff; 
another hyperbola is described whose foci are S and P, and whose 
transverse axis is equal to SP - 2Pff: shew that the hyperbolas 
will meet only at one point, and that they will have the same 
tangent at that point. 

84. A point D is taken on the axis of an hyperbola, of which 
*the excentricity is 2, such that its distance from the focus S is 

equal to the distance of 8 from the further vertex A'; P being 
any point on the curve, A'P meets the latus rectum in K. Prove 
that DK and 8P intersect on a certain fixed circle. 

85. Shew that the locus of the point of intersection of tan- 
gents to a parabola making with each other a constant angle 
equal to half a right angle, is an hyperbola. 

86. The tangent and normal at any point intersect the 
asymptotes and axes respectively in four points which lie on a 
circle passing through the centre of the curve. 

The radius of this circle varies inversely as the perpendi- 
cular from the centre on the tangent. 

87. The difference between the sum of the squares of the 
distances of any point from the ends of any diameter and the 
sum of the squares of its distances from the ends of the conjugate 
is constant. 

S. C« o» g^ 
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83. If a tangent meet the asymptotes in L and Mj the angle 
subtended by LM at the farther focus is half the angle between 
the asymptotes. 

89. If PN ^>e the ordinate of P, and PT the tangent, 
prove that SP : ST :: AN : AT. 

90. If an ellipse and an hyperbola are confocal, the asymp< 
totes pass through the points on the auxiliary circle of the 
ellipse which correspond to the points of intersection of the two 
curves. 

91. Two adjacent sides of a quadrilateral are given in 
magnitude and position; if the quatdrilateral be such that a 
circle can be inscribed in it, the locus of the point of intersection 
of the other two sides is an hyperbola. 

92. The tangent at P meets the conjugate axis in t, and 
tQ is perpendicular to 8P ; prove that SQ is of constant length. 

93. An hyperbola, having a given transverse axis, has one 
focus fixed, and always touches a given straight line; the locus 
of the other focus is a circle. 

94 A chord PRVQ meets the directrices in R and V; shew 
that PR and VQ subtend, each at the focus nearer to it, angles 
of which the sum is equal to the angle between the tangents at 
PandQ. 

95. A circle is drawn touching the transverse axis of an 
hyperbola at its centre, and also touching the curve ; prove that 
the diameter conjugate to the diameter through either point of 
contact is equal to the distance between the foci. 

96. A parabola is described touching the conjugate axes of 
an hyperbola at their extremities; prove that one asymptote is 
parallel to the axis of the parabola, and that the other asymptote 
is parallel to the chords of the parabola bisected by the first. 

If a straight line parallel to the second asymptote meet the 
hyperbola and its conjugate in P, i", and the parabola in Q, ^, 
it may be shewn that PQ^P'Q^. 

97. If two points B and B be taken in the normal PG such 
that PE=PE'=^ CD, the loci of E and E* are hyperbolas having 
their axes equal to the sum and difference of the axes* of the 
given hyperbola. 
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The angular point ^ of a triangle ABO ia fixed, and 
the angle A is given, while the points B and C move on a fixed 
straight line; prove that the locus of the centre of the circle 
circumscribing the triangle is an hyperbola, and that the envelope 
of the circle is another circle. 

99. If a conic be "described having for its axes the tangent 
and normal at any point of a given ellipse, and touching at its 
centre the axis-major of the given ellipse^ and if another conic 
be described in the same manner but touching the minor axis at 
the centre, prove that the foci of these conies lie in two circles 
concentric with the given ellipse, and having their diameters 
equal to the sum and difference of its axes. 

100. An ellipse and an hyperbola are confocal ; if a tangent 
to one intersect at right angles a tangent to the other^ the locus 
of the point of intersection is a circle. 

Shew also that the difference of the squares on the distances 
from the centre of parallel tangents is constant. 

101. If a circle passing through any point P of the curve, 
and having its centre on the normal at P, meets the curve again 
in Q and it, the tangents at Q and M intersect on a fixed straight 
Hne. 

102. If the tangent at P meet an asymptote in T, the angle 
between that asymptote and S'P is double the angle STP, 

103. Four tangents to an hyperbola form a rectangle. If 
one side AB of the rectangle intersect a directrix in P, and S be 
the corresponding focus, tbe triangles PSA, PBS are similar. 

104. An ellipse and hyperbola have the same transverse 
axis, and their eccentricities are the reciprocak of one another; 
prove that the tangents to each through the focus of the other 
intersect at right angles in two points and also meet the conjugate 
axis on the auxiliary circle. 

105. The tangent and normal at any point of an hyperbola 
intersect the asymptotes and axes respectively in four points 
which lie on a circle passing through the centre of the hyperbola, 
and the radius of this circle varies inversely as the distance of 
the ta^igent from the centre. 

9—2 



CHAPTER V. 
THE RECTANGULAR HYPERBOLA 

If the axe9 qf an hyperbola he equals the angle between 
the asymptotes is a right angle, and t/ie curve is called 
equilateral or rectangular, 

130. Pkop. 1. In a rectangular hyperbola 

CS^=2AG\ and SA^=2AX\ 

For CS^=AG^+BC^=2AC\ 

and SA : AX :: SG : AG; 

.-. SA^=2AXl 

Observe that in the figure of Art. (98), SBG is an 
isosceles triangle, since 

SD=^BG,xadGD=AG, 

and therefore SD = DG. 

131. Peop. II. Ths asymptotes qfa rectangular hy^ 
perbola bisect the angles between any pair qf conjugaie 
diameters. 

For, in a rectangular or equilateral hyperbola, 

GA = GB, 
and therefore, since CJ«- GI>^= GA*- GB^, 

GP=GD, 
GPj GD being any conjugate semi-diameters. 
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133 



Also, figure Art (118), the paralielogram CPLD is a 
rhombus, and therefore CL bisects the augle PCD, 

Co& Supplemental chords are equally inclined to the 
asymptotes, for they are parallel to coigugate diameters. 



132. Prop. III. ff CY he tJie perpendictdar from 
the centre on the tangent at P, the angle PCYis bisected 
by the transverse axis, and half the transverse axis is a 
mean proportional 'betvoeen CY and CP. 



For the angle 



and 



PCL=DCL 
= YCL\ 
.'. PCA^ACY. 




Hence it follows that the triangles PCN^ TCY are 
similar, and that 

CY : CT V, CN : CP; 

.-. CY.CP=CT.CN=AC\ 



134 The Rectangular Hyperbola. 

133. Fbop. IY. Diameters at right angles to each 
other are equal. 

Let CP, GP^ be semi-diameters at right angles to each 
other, and CD conjugate to CP. 

Then, if CL, CL' be the asymptotes, the angle 

P'CL'^PCL 

^DCL\ 

,\ CP'^CD = CP. 

134. Peop. v. 1/ the normal at P meet the axes in 
G and g^ 

CN=NG and PG^Pg=CD, 

CD being cov^tigate to CP. 

For, Art. (Ill), 

NG : CN ',: BC^ : AC^i 

.\ NG=CN. 

Also PF. PG=BC^ and PF.Pg=AC*; 

.'. PG^Pg. 
Further, Art. (123), 

PG : CD :: EC : AC; 

.\ PG = CD. 

136. Peop. VI. If QF be an ordinate qf a diameter 
PCp, 

QV^^PV.Vp. 

For QV* : PV. Vp :: CD^ : C7P», 

and CD=CP\ 

QV^=PV. Vp^CV^'-CP^. 
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136. Prop. VII. The angle between a chord PQ, and 
the tangent at P^is equal to the angle subtended by PQ 
at the other extremity qfthe diameter through P, 

Let PQ and the tangent at P meet the asymptote in 
I and L. Then, if CF be conjugate to PQ, 

the angle LPQ=-PLG- FIG 

r=LCP^ va 
^rcp 

^QpP> 




Or thus, let Q,U parallel to the tangent at P, meet CP pro- 
duced in U, 

Then QU^^PU. Up, 

or, qU : PU :: Up : UQ. 

Therefore the triangles PQU, Q,Up are similar, and the angle 
Q^U^PQ,U=^LPQ^ 

137. Pbx>p. VIII. Any chord subtendi, at the ends 
of any diameter, angles which are equal or supple- 
mentary. 

This theorem divides itself into four cases, which are 
shewn in the appended figures. 

Let QR be the chord, and Pp the diameter. Then, if 
LP be the tangent at P, &g, (1), the angle 

LPQ=QpP, 



136 

and 
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LPB=BpP; 
/. QPB=QpR, 




In fig. (2), if pi be the tangent at jp, parallel to PL, 
QpR=Qpl+lpB=^QpUpPB, 




and QPB = QPL + LPB = QpP + LPB ; 

.'. QpB+QPB=lpP+LPp, 

that 18, QpB and QPB are together equal to two right 
angles. 

In fig. (3) 

QPB = QPL + LPp -hpPB 

=zQpP + PpUlpB 

= QpB. 
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In fig. (4) 



and 



QPL^QpP, 
RPL'^RpP\ 
A QpR=^QPL+BPL'; 
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therefore QpR and QPR are together equal to two right 
angles. 

Hence it will be seen that when QRy or QR produced, 
meet the diameter Pp between P and jp, the angles sub- 
tended at P and p are equal; in other cases they are 
supplementary. 

13S. Prop. IX. If a rectangular hyperbola circum' 
$cribe a triangle, it passes through the orthocentre. 

NoTB. 77i^ orthocentre is ths point of intersection of 
the perpendiculars from the angular points on the opp> 
site sides. 
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If O be the orthocentre, the triangles LOP, LQR are 
similar, and 

LO : LP :: LQ : LB; 
.'. LO.LR=LP.LQ. 




But, if a rectangular hyperbola pass through P, Q, R^ 
the diameters parallel to LR, PQ are equal : hence is a 
point on the curve. 

139. Prop. X, If a rectangular hyperbola circum- 
scribe a triangle^ the loctu of iu centre is the nine-point 
circle qfthe triangle. 

If PQR be the triangle, let Z, U be the points in 
which an asymptote meets the sides PQy PR. 




Join C, the centre of the hyperbola, with E and F, the 
middle points of PR and PQ. 
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Then CF is coiyugate to PQ, and CE to PR\ there- 
fore the angle 

FCE=FCL+L'CE 
^CLF^EL'C 

^FPE 
^FDE, 

if 2) be the middle point of QR, 

The circle passing through i>, E^ F therefore passes 
through C'f that is, C lies on the nine-point circle. 

A similar proof is applicable to the case in which the 
points P, Q, R lie on the same branch of the hyper- 
bola. 

140. The proof of Prop, (xxxiv), Art. (129), appears to fail 
in this case, since it does not follow, when two diameters are 
equal, that they are equally inclined to the axes. 

It is however obvious that, if a circle intersect an hyperbola, 
either the four points of intersection are all on one branch of the 
curve, or there are two on each branch; on the other hand, 
of two conjugate diameters, or of two diameters at right angles, 
one meets the curve and the other does not. Hence if chords be 
drawn parallel to these diameters one chord will meet opposite 
branches, and the other will meet one branch only ; the cases 
are therefore distinct^ and the proof holds good. 



Examples. 

1. A circle is described on the transverse axis as diameter. 
Prove that if any tangent be drawn to the hyperbola, the straight 
lines joining the centre of the hyperbola with the point of con- 
tact and with the middle point of the chord of intersection of the 
tangent with the circle, are inclined to the asymptotes at com- 
plementary angles. 

2. PCP is a transverse diameter, and Q F an ordinate ; shew 
that Q F is the tangent at Q to the circle circumscribing the tri- 
angle FQp, 
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8. If the taogent at P meet the asymptotes in X and My 
and the normal meet the transverse axis in (?, a circle can be 
drawn through C, L, M, and 0, and LOM ia a right angle. 

4. Find the loons of the middle point of a line cutting off a 
constant area from the corner of a square. 

5. If jiA* be any diameter of a circle, PP* any ordinate to 
it, then the locus of the intersections of AP, AlP is a rectan- 
gular hyperbola. 

6. If from the extremities of any diameter lines be drawn 
to any point in the curve, they will be equally inclined to the 
asymptotes. 

7. Given an asymptote and a tangent at a given point, 
oonstruct a rectangular hyperbola. 

8. If OPy CD, and OP', Giy be two pairs of conjugate semi- 
diameters, prove that the angles PCP\ J>GLf are equal. 

9. Focal chords parallel to conjugate diameters are equaL 

10. Focal chords at right angles to each other are equaL 

11. The points of intersection of an ellipse and a confocal 
rectangular hyperbola are the extremities of the equi-coojugate 
diameters of tiie ellipse. 

12. If CP, CD be conjugate semi-diameten, and PN, DM 
ordinates of any diameter, the triangles PCN, DCM are equal in 
all respects. 

13. The distance of any point from the centre is a geome- 
tric mean between its distances from the fod. 

14. If P be a point on an equilateral hyperbola, and if the 
tangent at Q meet CP in T^ the circle circumscribing CTQ 
touches the ordinate Q V conjugate to CP, 

15. If a circle be described on S8' as diameter, the tangents 
at the vertices will intersect the asymptotes in the circumference. 

16. If two concentric rectangular hyperbolas be described, 
the axes of one being the asymptotes of the other, they will 
intersect at right angles. 

17. If the tangents at two points Q and Q' meet in T, and if 
(7Q, C^ meet these tangents in B. and H, the circle circumscrib- 
ing RTR passes through C 
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18. If from a point Q, in the conjugate axis QA be drawn 
to the vertex, and QR parallel to the transverse axis to meet the 
curve, Qfi=AQ^ 

19. Strdght lines, passing through a given point, are 
bounded bj two fixed lines at right angles to each other ; find 
the locus of their middle points. 

20. Given a point Q and a straight line ul J?, if a line QCP 
be drawn cutting AB in O, and P be taken in it, so that PD 
being a perpendicular upon AB, CD may be of constant magni- 
tude, the locus of P is a rectangular hyperbola. 

21. Every conic passing through the centres of the four 
circles which touch the sides of a triangle, is a rectangular hyper- 
bola. 

22. Ellipses are inscribed in a given parallelogram, shew 
that their foci lie on a rectangular hyperbola. 

23. If two focal chords be parallel to conjugate diameters, 
the lines joining their extremities intersect on tibe asymptotes. 

24. If P, Q be two points of a rectangular hyperbola, centre 
0, and QN the perpendicular let fall on the tangent at P, the 
circle through 0, N^ and P will pass through the middle point of 
the chord P, Q. 

Having given the centre, a tangent, and a point of a rectan- 
gular hyperbola, construct the asymptotes. 

25. If a right-angled triangle be inscribed in the curve, the 
normal at the right angle is parallel to the hypothenuse. 

26. On opposite sides of any chord of a rectangular hyper- 
bola are described equal segments of circles ; shew that the four 
points, in which the circles, to which these segments belong, 
again meet the hyperbola, are the angular points of a parallelo- 
gram. 

27. Two lines of given lengths coincide with and move 
along two fixed lines, in such a manner that a circle can always 
be drawn through their extremities ; the locus of the centre is a 
rectangular hyperbola. 

28. If a rectangular hyperbola, having its asymptotes coin- 
cident with the axes of an ellipse, touch the ellipse, the axis of 
the hyperbola is a mean proportional between the axes of the 
ellipse. 
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29. The tangent at a point P of a rectangular hyperbola 
meets a diameter QCQ^ in T. Shew that CQ and TQ! subtend 
equal angles at P. 

SO. If il be any point in a rectangular hyperbola, of which 
is the centre, BOO the straight line through at right angles 
to OAf J) any other point in the curve, and DB, DO parallel to 
the asymptotes, prove that a circle can be drawn through B, D, 
A, and C» 

31. The angle subtended by any chord at the centre is the 
supplement of the angle between the tangents at the ends of the 
chord. 

^ 32. If two rectangular hyperbolas intersect in A, B, 0, D; 
the circles described on AB, CD as diameters intersect each other 
orthogonally. 

33. Prove that the triangle, formed by the tangent at any 
point and its intercepts on the axes, is similar to the triangle 
formed by the straight line joining that point with the centre, 
and the abscissa and ordinate of the point. 

84. The angle of inclination of two tangents to a parabola is 
half a right angle; prove that the locus of their point of inter- 
section is a rectangular hyperbola, having one focus and the cor- 
responding directrix coincident with the focus and directrix of 
the parabola. 

35. P is a point on the curve, and PM, PN are straight 
lines making equal angles with one of the asymptotes ; if ifP, 
NP be produced to meet the curve in P' and Q^, then P'Q' passes 
through the centre. 

36. A circle and a rectangular hyperbola intersect in four 
points and one of their common chords is a diameter of the hyper- 
bola; shew that the other common chord is a diameter of the 
circle. 

37. ^^ is a chord of a circle and a diameter of a rectang^ular 
hyperbola; P any point on the circle; AP^ BPf produced if 
necessary, meet the hyperbola in Q, Qf, respectively ; the point of 
intersection of BQ, AQ! will be on the circle. 
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38. PP* is any diameter, Q any point on the curve, PR, 
P'Hf are drawn at right angles to PQ, FQ respectively, inter- 
secting the normal at Q in jR, Bf; prove that QR and QR* are 
equal. 

■ 

39. Parallel tangents are drawn to a series of confocal 
ellipses ; prove that the locus of the points of contact is a rectan- 
gular hyperbola having one of its asymptotes parallel to the 
tangents. 

40. If tangents, parallel to a given direction, are drawn to a 
system of circles passing through two fixed points, the points of 
contact lie on a rectangular hyperbola. 

41. The chords which subtend a right angle at a point P of 
the curve are all parallel to the normal at P, 

42. From the point of intersection of the directrix with one 
of the asymptotes of a rectangular hyperbola a tangent is drawn 
to the curve and meets the other asymptote in T : shew that CT 
is equal to the transverse axis. 

43. The normals at the ends of two conjugate diameters 
intersect on the asymptote, and are parallel to another pair of 
conjugate diameters. 

44. If the base AB of a triangle ^^^ be fixed, and if the 
difference of the angles at the base is constant, the locus of the 
vertex is a rectangular hyperbola. 

45. The locus of the point of intersection of tangents to an 
ellipse which make equal angles with the transverse and conjugate 
axes respectively, and are not at right angles, is a rectangular 
hyperbola whose vertices are the foci of the ellipse. 

46. If 02* is the tangent at the point of a rectangular 
hyperbola^ and PQ a chord meeting it at right angles in T, the 
two bisectors of the angle OCT bisect OP and OQ, 



CHAPTER VI. 
THE CYLINDER AND THE CONE. 

Dbfinttion. 

141. If a straight line more so as to pass through the 
circumference of a given circle^ and to be perpendicular 
to the plane of the circle, it traces out a surface called a 
Right Circular Cylinder, The straight line drawn through 
the centre of the circle perpendicular to its plane is the 
Axis of the Cylinder. 

It is evident that a section of the surface by a plane 
perpendicular to the axis is a circle, and that a section by 
any plane parallel to the axis consists of two parallel 
lines. 

142. Pfiop. I. Any section qf a cylinder by a plane 
not parallel or perpendictdar to the axis is an ellipse. 

UAPA^ be the section, let the plane of the paper be 
the plane through the axis perpendicular to APA\ 

Inscribe in the cylinder a sphere touching the cylinder 
in the circle £F and the plane ABA' in the point S. 

Let the planes APA\ EF intersect in XK, and from 
any point P of the section draw PK perpendicular to 
XK. 
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Draw through P the circular section QJP, cutting ^P-4 
in PN, 80 that PN is at right angles to A A' and there- 
fore parallel to XK. 

Let the generating line through P meet the circle EF 
in R ; and join SP. 

Then PS and PR are tangents to the sphere ; 

.-. SP=PR=EQ, 

But EQ : NX :: AE : AX 

:: /S'^ : -4X, 

and NX^PK, 

:. SP I PK :: SA : -4X 

Also, AE being less than AX^ SA is less than AX, 
and the curve APA' is therefore an ellipse, of which S is 
the focus and XK the directrix. 

If another sphere be inscribed in the cylinder touching 
AA' in S\ S' is the other focus, and the corresponding 
directrix is the intersection of the plane of contact E'F 
with APA\ 
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Producing the generating line RP to meet the circle 
E'F' inRyre^ observe that S'P = PR\ and therefore 

SP-hS'P=RR'=EE' 
^AE+AE' 

=AS+AJSr; 

and AS'=AE'=A'F=A% 

,\SP+S'P=AA\ 

The transverse axis of the section is AA' and the con- 
jugate, or minor, axis is evidently a diameter of a circular 
section. 

143. Def. If be a fixed point in a straight line 
OE drawn through the centre E of & fixed circle at right 
angles to the plane of the circle, and if a straight line 
QOP move so as always to pass through the circumference 
of the circle, the surJTace generated by the line QOP is 
called a Rig?U Circular Cone. 

The line OE is called the axis of the cone, the point O 




is the vertex, and the constant angle POE is the semi- 
vertical angle of the cone. 
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It is evident that any section by a plane perpendicular 
to the axis, or parallel to the base of the cone, is a circle ; 
and that any section by a plane through the vertex consists 
of two straight lines, the angle between which is greatest 
and equal to the vertical angle when the plain contains 
the axis. 

Any plane containing the axis is called a Principal 
Section, 

144. Prop. II. The section of a cone by a plane, 
which is not perpendicular to the auds, and does not pass 
through the vertex, is either an Ellipse, a Parabola, or 
an Hyperbola, 




Let l/AP be the cutting plane, and let the plane of the 
paper be that principal section which is perpendicular to 
the plane UAP; OF, OAQ being the generating lines 
in the plane of the paper. 

Let AU he the intersection of the principal section 
yOQ by the plane P^ ^ perpendicular to it, and cutting 
the cone in the curve AP, 

Inscribe a sphere in the cone, touching the cone in the 

10- 2 
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circle EFwA the plane AP in the point S^ and let XK 
be the intersection of the planes AP^ EF, Then XK is 
perpendicular to the plane of the paper. 

Taking any point P in the curve, join OP cutting ^he 
circle EF in By and join SP. 

Draw through P the circular section QP V cutting the 
plane AP in PN which is therefore perpendicular to AN 
and parallel to XK, 

Then, SP and PR being tangents to the sphere, 

SP=PE=EQ; 

and EQ : NX :: AE : AX 

:: AS : AX. 

Also NX=PK; 

.\ SP : PK :: SA : ^X 

The curve AP is therefore an Ellipse, Parabola, or Hy- 
perbola, according as SA is less than, equal to, or greater 
than AX. In any case the point aS' is a focus and the cor- 
responding directrix is the intersection of the plane of the 
curve with the plane of contact of the sphere. 

(1) If A U be parallel to OF, the angle 

AXE= OFE= OEF=AEX, 

and therefore 

SA^AE=AX, 

and the section is therefore a parabola when the cutting 
plane is parallel to a generating line, and perpendicular to 
the principal section which contains the generating line. 

(2) Let the line A U meet the curve again in the point 
A on the same side of the vertex as the point A. 

Then the angle 

AEX=OFE 

^FXA, 
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and therefore AE<AX, 

that is SA<.AXy 

and the curve w an ellipse. 

In this case another sphere can be inscribed in the 
cone, touching the cone along the circle E^F' and touching 
the plane AP in S', 

It may be shewn as before that S' is a focus and that 
the corresponding directrix is the intersection of the planes 
E'r, APA\ 

(3) Let the line UA produced meet the cone on the 
other side of the vertex. The section then consists of two 
separate branches. 

AEX=A'FX 
<AXF, 
AE>AX, 
AS>AX, 



Also the angle 

and therefore 
that is 
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and ihe curve AP is one branch of an hyperbola, the other 
branch being the section A'P\ 




Taking P^ in the other branch the proof is the same as 
before that 

SP : P'K' :: SA : AX. 

In this case a sphere can be inscribed in the other 
branch of the cone, touching the cone along the circle E^F\ 
and the plane UA'P~ in 8\ and it can be shewn that ^ is 
the other focus of the hyperbola, and that the directrix is 
the intersection of the cutting plane with the plane of con- 
tact E'F", 

Hence the section of a cone by a plane cutting in AU 
the principal section VOQ perpendicular to it is an Ellipse, 
Parabola, or Hyperbola, according as the angle EAX is 
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greater than, equal to, or less than, the vertical angle of 
the cone. 

Farther, it is obvious that, if any plane be drawn parallel 
to the plane AP^ the ratio of AE to ^JT is always the 
same ; hence it follows that all parallel sections have the 
same eccentricity. 

145. This method of determining the focus and direc- 
trix was published by Mr Pierce Morton, of Trinity College, 
in the first Volume of the Cambridge PhUosophicai Trans- 
actions. 

The method was very nearly obtained by Hamilton, who 
gave the following construction. 

First finding the vertex and focus, A and S, take AE 
along the generating line equal to AS, and draw the cir- 
cular section through E; the directrix will be the line of 
intersection of the plane of the circle with the given phme 
of section. 

Hamilton also demonstrated the quality of SP and 
PR. 

146. Prop. III. To prove that, in the ease qf an 
elliptic section, 

8P^S'P=AA'. 

Taking the 2nd figure, 

SP=PR and S'P^PR"; 
.-. SP'\-8'P^RB:=EE 

-^AE+AE 

^AJS-^AS'. 
But A'S' =A'F'=FF''' A'F 

^EE'-A'S, 

also A'S'-^SS'=A'S; 

.-. 2A'8'+8S'=EE\ 
Sinularly 2^^+ ^,S" = EE" ; 

.-, A 8'^A8, 
and AS'=A'8. 
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Hence SP+S'P^AA\ 

and the transrerse, or major axis =EE\ 

In a similar manner it can be shevm that in an hyper- 
bolic section 

S'P'-SP^AA'. 

147. Prop. IY. To sTiew that, in a parabolic teeiion, 

PN^=4AS.AN. 

Let A be the yertex of the section, and let ADE be 
the diameter of the circular section through A, 




From Z> let fall DS perpendicular to AN; 
Then PN^=QN,NQ 

^QN.AE 
= AJ^L,AD, 
if ^Z be perpendicular to NQ, 

But the triangles ANL, ADS being similar, 
NL : AN :: AS : AD; 
:.NL.AD=AN.AS, 

and PN^=4AS.AN 
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148. Pbop. Y. To shew that, in an eUiptie teetiony 
PN^ Uto AN, NA* in a constant ratio. 

Draw through P the circular section QPQ', bisect AA' 
in C, and draw through C the circular section EBE^. 




Then QN : AN :: CB : AC, 

and NQ" : NA' :: CE' : A'C; 

/. QN.NQf : AN.NA :: ^(7. C^' : AC^, 

or PiV^2 . AN.NA :: EG.CE' .AC*-, 

and, the transverse axis being ^^', the square of the semi- 
minor axis=jB(7^=^(7. CE. 

Again, if ADF be perpendicular to the axis, AD^DF. 
and, AG being equal to GA\ GD is parallel to A'F, 

and therefore GE' =FD= AD. 

Similarly, GE^A'Uy the perpendicular from A* on the 
axis; 

:,BG^^AD,A'D\ 

that is, the semi-minor aais is a mean proportional be-' 
tween the perpendicidars from the vertices on the axis qf 
ths^one. 
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In exactly the same manner it can be shewn for an 
hyperbolic section, that 




PN* : AN. NA' :: CJS . CE : AC^, 

and that CE=AD, 

and CW^Aiy. 

Hence BC^=AD,A'iy, A A' being the transverse 
axis. 

We observe also that the conjugate axis is equal to the 
tangent from C to the circular section passing through C. 

Cor. If H, H' be the centres of the two spheres, a 
circle can be drawn through AHA'H\ and it will be seen 
that the triangles ASH^ A'H'I/ are similar, so that 

SH : A'Lf :: AH : A'H' :: AD : S'H% 

and SH^S'H'^AD.AU; 

.*. ths semi-cof^ugcUe ctxis it a mean proportional 
between the radii of the spheres. ^ 
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149. Prop. YI. The two straight lines in which a 
cone is intersected by the plane through the vertex parallel 
to an hyperbolic section are parallel to the asymptotes of 
the hyperbola, * 

Taking the preceding figure, let the parallel plane cut 
the cone in the lines OG^ 0G\ and the circular section 
through Cm the line 6?Z6?', which will be perpendicular 
to the plane of the paper, and therefore perpendicular to 
EE' and to OL. 

Hence GL^^EL.E'L. 

But EL : EC :; OL : A'C, 

and EL : EC :: OL : AC; 

.'. GU : EC.E'C :: 0Z« : AC^y 

or GL : OLw BC : AC\ 

therefore, Art (98), OG and OG' are parallel to the 
asymptotes of the hyperbola. 

Hence for aU parallel hyperbolic sections, the asymp- 
totes are parallel to each other. • 

If the hyperbola be rectangular, the angle GOG' is a 
right angle ; but this is evidently not possible if the verti- 
cal angle of the cone be less than a right angle. 

When the vertical angle of the cone is not lees than a 
right angle, and when GOG' is a right angle, LOG is half 
a right angle, and therefore 

OL^LGy 

and 2.0L^=^0G^=0E^, 

and the length OL is easily constructed. 

Hence, placing OL, and drawing the plane GOG' per- 
pendicular to the prmcipal section through OL, any section 
by a plane parallel to GOG' is a rectangular hyperbola. 

150. Prop. VII. If two straight lines be draint 
through any point, parallel to two fiseed lines, and inter- 
secHng a given cone, the ratio of the rectangles formed by 
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the segments qf the lines wiU be independent qf the posi- 
tion qf the point 

Thus, if through E, the lines EPQ, EP'Q! be drawn, 
parallel to two given lines^ and cuttling the cone in the 




pointe P, Q and P', C, the ratio of EP.EQ to EP", EQ! 
is constant. 

Through draw OJT parallel to the given line to which 
EPQ is parallel, and let the plane through OK^ EPQ, 
which contains the generating lines OP, OQ, meet the 
circular section through Ein B and Sy and the plane base 
in the straight line DFK, cutting the circular base in D 
and F, 

Then DFKvoi^ EBS being sections of parallel planes 
by a plane are parallel to each other. 

Also, EPQ is parallel to OK; 

Therefore EBP, ODE are similar triangles, as are 
also ESQ, OFK\ 

.\ EP : EB :: OJT : DJT, 
and EQ : ES :: OE : FE; 
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.\EP.EQ lER.ES :: OK^ : DK.FK 

:: OK^ : KT\ 

if KT be the tangent to the circular base from K. 

If a fdmilar construction be made for EP'Q! we sliall 
have 

EF'. EQ! : ER.ES' :: OK'^ : K'T^. 

But EB.ES=EBf.ES'i 

therefore the rectangles EP . ^Q and EP' . j&Q' are each 
in a constant ratio to the same rectangle, and are therefore 
in a constant ratio to each other. 

Since the plane through EPQ^ EP'Q! cuts the cone in 
an ellipse, parabola, or hyperbola, this theorem includes 
as particular cases those of Arts. 49, 55, 77, 86, 92, 119 and 
129. 

The proof is the same if the point Pbe within the cone, 
or if one or both of the lines meet opposite branches of the 
cone. 

If the chords be drawn through the centre of the sec- 
tion PEP', the rectangles become the squares of the semi- 
diameters. 

Hence the parallel diameters of all parallel sections of a 
cone are proportional to each other. 

If the lines move until they become tangents the rect- 
angles then become the squares of the tangents; therefore 
if a series of points be so taken that the tangents from 
them are parallel to given lines, these tangents are always 
in the same proportion. The locus of the point E will be 
the line of intersection of two fixed planes touching the 
cone, tliat is, a fixed line through the vertex. 

Examples. 

1. Shsw how to oat from a cylinder an ellipse whose eccen- 
tricity shall be the same as the ratio of the side of a square to its 
diagonal 

2. Shew how to cut from a cone an ellipse whose eccentricity 
IS the ratio of one to two. 
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3. Find the least angle of a cone from which it is possible to 
out an hyperbol&y whose eccentricity shall be the ratio of two 
to one. 

4. Shew that all sections of a right cone, made by planes 
parallel to tangent planes of the cone, are parabolas, and that 
the fod lie on a cone having with the first a common yet-tez and 
axis. 

5. The centre of a spherical ball is moveable in a vertical 
plane which is equidistant from two candles of the same height 
on a table ; find its locus when the two shadows on the ceiling are 
always just in contact. 

6. Prove that all sections of a cone by parallel planes are 
conies having the same eccentricity. 

7. Find the locus of the foci of the sections made by a series 
of parallel planes. 

8. G-ive a geometrical construction, by which a cone may be 
cut, so that the section may be an ellipse of given eccentricity. 

9. If two plane sections of a right cone be taken, having the 
same directrix, the foci corresponding to that directrix lie on a 
straight line which passes through the vertex. 

10. Different elliptic sections of a right cone are taken, 
having equal major axes ; shew that the locus of the centres of 
the sections is a spheroid, and determine in what cases it is oblate 
or prolate respectively. 

11. The vertex of a cone and the centre of a sphere inscribed 
witiiin it are given in position : a plane section of the cone, at 
right angles to any generating line of the cone, touches the sphere : 
prove that the locus of the point of contact is a surface generated 
by the revolution of a drcle, which touches the axis of the cone 
at the centre of the sphere. 

12. Given a right cone and a point within it, there are but 
two sections which have this point for focus; and the planes of 
these sections make equal angles with the straight line joining 
the given point and the vertex of the cone. 

13. If the curve formed by the intersection of any plane 
with a cone be projected upon a plane perpendicular to the axis; 
prove that the curve of projection will be a conic section having 
its focus at the point in which the axis meets the plane of 
projection. 
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14. An ellipse and an hyperbola are so situated that the 
vertices of each curve are the foci of the other, and the curves are 
in planes at right angles to each other. If P be a point on the 
ellipse, and Q a point on the hyperbola, S the vertex, and A the 
interior focus of that branch of the hyperbola, then 

PQ,+AS=PS + A(l 

15. The shadow of a ball is cast by a candle on an inclined 
plane in contact with the ball; prove that, as the candle bums 
down, the locus of the centre of the shadow will be a straight 
line. 

16. If sections of a right cone be made, perpendicular to 
a given plane, such that the distance between a focus of a section 
and that vertex which lies on one of the generating lines in 
the given plane be constant, prove that the transverse axes, pro- 
duced if necessary, of all sections will touch one of two fixed 
ouxdes. 

17. If the vertical angle of a cone, vertex F, be a right 
angle, P any point of a parabolic section, and PN perpendicular 
to the axis of the parabola, 

VP=2A8^AN, 

A being the vertex and S the focus. 

18. If two cones be described touching the same two spheres, 
the eccentricities of the two sections of them made by the same 
plane bear to one another a ratio constant for all positions of the 
plane. 

19. If elliptic sections of a cone be made such that the 
volume betwesn the vertex and the section is always the same, 
the minor axis will be always of the same length. 

20. The vertex of any right circular cone which contains a 
given ellipse will lie on a certain hyperbola, and the axis of the 
cone will be a tangent to the hyperbola. 

21. Different elliptic sections of a right cone are taken such 
that their minor axes are equal; shew that the locus of their 
centres is the surface formed by the revolution of an hyperbola 
about the axis of the cone. 

22. If (7, JEr be the centres of the spheres insonbed in a cone, 
and touching a given section, the sphere described on CE as 
diameter will intersect the plane in the auxiliary circle of the 
section. 



CHAPTER VII. 

The Similarity of Conies, the Areas of Conies, and the 
I Curvatures cf Conies. 

SIMILAR CONICS. 

161. Def. Conies tchich have the same eccentricity 
are said to he similar to each other. 

This definition is justitied by the consideration that the 
character of the conic depends on its eccentricity alone, 
while the dimensions of all parts of the conic are entirely 
determined by the distance of the focus from the directrix. 

Hence, according to this definition, aU parabolas are 
similar carves. 

152. Prop. I. ff radii be dravm from the vertices 
qf ttoo parahclas making equal angles with the axes^ 
these radii are always in the same proportion. 

Let A P, ap be the radii, PN and pn the ordinates, 
the angles PAN, pan, being equal. 

: an :: AP : ap, 

pn ;: AP : ap, 

pn^ :: AS . AN :as,ani 

ap^ :: AS. AP las.ap, 

ap :: AS : as. 

It can also be shewn that focal radii making equal 
angles with the axes are always in the same proportion. 

163. Peop. II. ffttffo ellipses be similar their axes 
are in the same proportion, and any other diameters, 
making equal angles with the respective axes, are in the 
proportion qf the axes. 



Then 
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Similar Conies. 161 

Let OAy CB be the semi-axes of one ellipse, ea, eh of 
the other, and CPy tp two radii such that the angle 
PC A = pea. 

Then, since the eccentricities are the same, we have, 
if /S', « be foci, 

AC : SC :: ae : se ; 

.-. AC : AC^-SC^ :: <u^ : a<j«-w», 

or AC^ : BC^ :: ac» : W. 

Hence it follows, if PN^ pn be ordinates, that 
PN^ : AC^'-CN^ ::pn* : ac^.^.. 
but, by similar triangles, 

PN : pn :: (7iV : en, 
therefore CN^ :AC^- CN^ :: cn« : ac* - cn^ ; 
and CN^ : ^(7« :: cn« : ac«. 

Hence CP :cp:: CN: en 

::AC: ac. 

* 
So also lines drawn similarly from the foci, or any other 

corresponding points of the two figures, will be in the ratio 

of the transverse axes. 

Exactly the same demonstration is applicable to the 
hyperbola, but in this case, if the ratio of SC to ^(7 in 
two hyperbolas be the same, it follows from Art. (98) 
that the angle between the asymptotes is the same in both 
curves. 

In the case of hyperbolas we have thus a very simple 
test of similarity. 

Hie Areas hounded hy Conies. 

164. Peop. III. If ABy AC he two tangents to a 
parahola, the area hetween the curve and the chord BC is 
two-thirds qf the triangle ABC. 

B. c. s. 11 
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Draw the tangent DPE parallel to BC; then 

ap=pX 

and BC=2.DE\ 

therefore triangle BPC^ 2ADE. 




Again, draw the diameter DQM meeting BP in M, 

By the same reasoning, FQO being the tangent parallel 
to BP, the triangle PQB^IFDG, 

Through F draw the diameter FRL, meeting PQ in 
Z, and let this process be continued indefinitely. 

Then the sum of the triangles mthin the parabola is 
double the sum of the triangles without it. ^ 

But, since the triangle BPG\% half ABC, it is greater 
than half the parabolic area BQPC; 

Therefore, Euclid, Bk. zii., the difference between the 
parabolic area and the sum of the triangles can be made 
ultimately less than any assignable quantity ; 
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And, the same being true of the outer triangles, it 
follows that the area between the curve and BC is double 
of the area between the curve and AB^ACy and is there- 
fore two-thirds of the triangle ABC, 

CoR, Since PN bisects every chord parallel to BC it 
bisects the parabolic area BPC; therefore, completing 
the parallelogram PNB U, the parabolic area BPN is two- 
thirds of the parallel6gram UN, 

155. Prop. IV. The area qfan ellipse is to the area 
of the atudliary circle in the ratio of the conjugate to the 
transverse cuvis. 

Draw a series of ordinates, QPN, Q'P'N\.., near 
each other, and draw Pi2, QR parallel io AC, 




Then, since 

PN : QN :: BC : AC, 

the area PN' : QN' :: BC : AC, 

and, this being true for all such areas, the sum of the 
parallelograms PN' is to the sum of the parallelograms 
QN'9aBC\x>AC. 

But, if the number be increased indefinitely, the sums 
of these parallelograms ultimately approximate to the 
areas of the ellipse and circle. 

Hence the ellipse is to the circle in the ratio of BC 
to -4(7. 

The student will find in Newton's 2nd and 3rd Lemmas 
(Principia, Section l) a formal proof of what we have 

11-2 
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here assumed as suflSciently obvious, that the sum of the 
parallelograms PN is ultimately equal to the area of the 
ellipse. 

156. Peop. V. If P, Q he tvx> points of an hyper- 
bola, and if PL, QM parallel to one asymptote meet the 
other in L and M, the hyperbolic sector CPQ is equal to 
the hyperbolic trapezium PLMQ, 




For the triangles (7PZ, CQM are equal, and, if PL 
meet CQ in /?, it follows that the triangle CPR= the 
trapezium LRQM ; hence, adding to each the area RPQ 
the theorem is proved. 

167. Prop. VL If points L, M, N, Kbe taken in an 
asymptote of an hyperbola, such that 

CL : CM :: CN : CK, 

and if LP, MQ, NR, KS, parallel to the asymptote, meet 
the curve in P, Q, R, S, thtf hyperbolic areas CPQ, CRS 
vnll be eqiLol, 

Let QR and PS produced meet the asymptotes in P, 
F', G, G' ; 

then RF^QF' ^n^SG^PG', Art. (116) ; 

.-. NF= CM and KG = CL. 
Hence NF : KG :: CM : CL 

:: CK iCN 
:: RN : ^A", 
and therefore SP is parallel to QK 
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The diameter CUV coiyugate to PS bisects all chor(k 
parallel to PS, and therefore bisects the area PQRS ; 




o Ij M N F s: a 

also the triangle CP F= €SV, 

and CQU=^CUR\ 

therefore taking from CPV and CSV the ckjual triangles 
CQU, CRU, and the equal areas PQUV, SRlfV, the 
remaining areas, which are the hyperbolic sectors CPQ, 
CRSy are equal 

Gob. Hence if a series of points, L, M, Ny.. be taken 
such that GLj CM, CN, CK,.,. are in continued proportion, 
it follows that the hyperbolic sectors CPQ, CQR, CRS, &c 
will be all equal 

It will be noticed in this case that the tangent at Q 
will be parallel to PR, the tangent at R parallel to QSj 
and so also for the rest , 

\ - , ' . 7 . 

The Curoature of Conies. ■ J . 

158. Def. If a circle touch a conic at a point P, and 
pass through another point Q of the conic, and if the point 
Q move near to, and ultimately coincide with P, the circle 
in its ultimate condition is called the circle of curvature 

at P. ..... ' . ^' «-v 



I » 
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Pkop. VII. Ths chord of intersection <if a come 
toith the circle of curvature cut any point is inclined to 
the axis at the same angle as a tangent at the point. 

It has been shewn that, if a circle intersect a conic in 
four points P, Q, Ry F, the chords PQ, R V are equally 
inclined to the axis. 

Let P and Q coincide with each other ; then the tan- 
gent at P and the chord R V are equally inclined to the 
axis. 

Let the point V now approach to and coincide with P ; 
the circle becomes the circle of curvature at P, and the 
chord VR becomes PR the chord of intersection. 

Hence PR and the tangent at P are equally inclined 
to the axis. 

159. Pkop. VIII. If the tangent at any point P qf 
a parabola meet the aais in T^ and {/* the circle of cur- 
vature at P meet the curve4n Q, 

* PQ=4.PT, 

Draw the ordinate PNP ; then taking the figure of 
the neit article, TP" is the tangent at P^t and the angle 
P'TF=PTF=PFT; therefore PQ is parallel to TP\ 
and is bisected by the diameter P'E, 

Hence PQ=2.PE=^P'T 

= 4PT. 

160. Pbop. IX. To find the chord of curvature 
through the focus and the diameter of curvature at any 
point of a parabola. 

m 

fjet the circle meet PS produced in V, and the normal 
PG, produced, in 0, 

The angle PFS= PTS=SPT 

= PQV, 
since PT'is a tangent to the circle. 

Therefore Q T is parallel to the axis, 
and PF : SP :: PQ : PF. 
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Hence PV^4.SP. 

Again, the angle POQ^PFQ=>PSN; 
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.-. PO : PQ :: SP : PN, 
or PO : ^P :: 4PT : PiV 

:: 4SP : /ST, 
if /^y be perpendicular to PT, 

Cor. 1. Since the normal bisects the angle between 
SP and the diameter through P, it follows that the chord 
of curvature parallel to the axis is 4SP, 

GoR. 2. The diameter of curvature, PO, may also be 
expressed as follows : 

Let GL be the perpendicular from O on SP ; then PL 
s= the semi-latus rectum = 2AS, ^ 

Also P VO being a right angle, 



PO : PO 



PV : PL 
ASP : PL 
4SP.pl : P£«, 



168 
but 



Cwrvatfwre. 
4SP.FL=SSP.AS=SSY^=2PG^; 
.'. PO : PQ :: 2PG^ : Pl^. 



161. Peop. X. J^ the chord of intersection, PQ, qf 
an ellipse, <yr hyperbola, with the circle qfcureaiure at P, 
meet CD, the semi-diameter cov^ugate to CP, in K, 

PQ.PK^2CD\ 




Drawing the ordinate PNP\ the tangent at P' is 
parallel to PQ, as in the parabola, and PQ is therefore 
bisected in V, by the diameter CP', 

Let PQ meet the axes in U and V ; then, U'C being 
parallel to PP", 

PV : PU' :: VP' : OP 

:: UT : CT, 

since PU, P'T are parallel. 

Also UT : CT :: PU .PK\ 

^ .-. PV : PU' :: PU : PIC. 

Hence PV .PK^PU .PU'^PT .PT=CD\ 

observing that PU^ PT, and PU'^PT, by the theorem 
of Art (168); 

and .-. PQ . PJr=2C2)l 
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162. Prop. XF. If the chord of curvature PQ, qf an 
ellipse or hyperbola in any direction, meet CD in K\ 

PQ: .PK'=2.CD\ 
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Let PO be the diameter of curvature meeting CD in 
F\ then PQO, PQ[0 are right angles, and a circle can be 
drawn through Q!K'FO ; 

:.P(^.PK'=^PF.PO 

=^PK.PQ=^2.Ciy^. 

Cor. 1. Hence PO being the diameter of curvature, 

PF.P0=2,CD\ 

Cor. 2. If PQf pass through the focus> 

PK'^AG, 
and PQ: , AC=2 . CJD^. 

CoR. 3. If PC pass through the centre, 
P(^ . CP=2 . CZ>2. 

163. We can also express the diameter of curvature 
as follows : 

PG being the normal, let GL be perpendicular to SP^ 
and let PR be the chord of curvature through S, 

Then GL is parallel to OR, 
and PO : PG :: PR : PL 

:: PR. PL', PL\ 
But PR.AG=2.CD^; 

:. PR\ AC v.l.CJD^ \ AC^ 
:: 2 • PG^ : JJCT", 
and PR. PL : AC. PL :: 2, PG^ : ^Cl 

But, PL being equal to the semi-latus rectum, 

PL.AC=^BC^; 
.\ PR.PL=2.PG^, 

and PO : PG :: 2PG^ : PZ*. 

^^c«, w any conic, the radius of curvature at any 
point is to the normal at the point as the square qf the 
normal to the square qfthe semi4atus rectum. 
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EXAMPLES. 

1. The radius of cunrature at the extremity of the latas 
rectum of a parabola is equal to twice the normaL 

2. The circle of curvature at the end of the latus rectum in- 
tersects the parabola on the normal at that point. 

8. The chord of curvature at a point P in the parabola 
passing through the vertex A vi io ^PY \: PY i AP, 

4. The circle of curvature at a point P in a parabola cuts 
off irom the diameter at P a portion equal to the parameter of 
that diameter. 

5. P and p are points on a parabola on the same side of the 
axis; PN and pn are perpendiculars on the axis; the normals at P 
and p meet at a point Q : shew that the distance of Q from the 
axis is to 2 . PN in the ratio of the rectangle pn (Pi\r+i>n) to the 
square on the latus rectum. 

Deduce an expression for the radius of curvature at any point 
of a parabola. 

6. If P be a point of an ellipse equidistant from the axis 
minor and one of the directrices, prove that the circle of curvature 
at P will pass through one of the foci. 

7. The chord of curvature through the focus, at any point, is 
equal to the focal chord parallel to the tangent at the point. 

8. Prove that the locus of the middle points of the common 
chords of a given parabola and its circles of curvature is a para- 
bola, and that the envelope of the chords is also a parabola. 

9. The circles of curvature at the extremities P, D of two 
conjugate diameters of an ellipse meet the ellipse again in Q, ^ 
respectively, shew that PR is parallel to DQ. 

10. In the rectangular hyperbola, the radius of curvature at 
a point P varies as CP^, 
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11. The tangent at a point P of an ellipse whow centre is 
meets the axes in T and t; if CP produced meet in L the circle 
described about the triangle TOt, tAiew that PL is half the chord 
of curvature at P in the direction of C, and that the rectangle 
contained by CP, CL, \b constant. 

12. If P be a point on a conic, Q a point near it, and if QB, 
perpendicular to PQ, meet the normal at P in E, then ulti- 
mately when Q coincides with P, FB is the diameter of curva* 
ture at P. 

18. Prove that the ultimate point of intersection of conse- 
cutive normals is the centre of curvature. 

14. If a tangent be drawn from any point of a parabola to 
the circle of curvature at the vertex, the length of the tangent 
will be equal to the abscissa of the point measured along the 
axis. 

15. The circle of curvature at a point where the conjugate 
diameters are equal, meets the ellipse again at the extremity of 
the diameter. 

16. Find the points at which the radius of curvature is a 
mean proportional between the semi-major and semi-minor axes 
of an ellipse. 

17. The chord of curvature at P perpendicular to the major 
axis is to PM, the ordinate at P, :: 2 . CI^ : BO*. 

18. Prove that there is a point P on an ellipse such that if 
the normal at P meet the ellipse in Q, PQ is a chord of the 
circle of curvature at P, and find its position. 

19. If SP be the focal distance of a point P of a parabola, 
and SQ, perpendicular to SPy meet the normal at P in Q, PQ is 
half the radius of curvature at P. 

20. The chord of curvature at a point P of a rectangular hyper- 
bola, perpendicular to an asymptote, is to CD :: Clf : 2 . PiV, 
where PN is the distance of P from the asymptote. 

21. If (? be the foot of the normal at a point P of an ellipse, 
and OK, perpendicular to PC, meet CP in K, then KBt parallel 
to the axis mi|ipr, will meet PO in the centre of curvature at P. 
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22. If the normftl at a point P of a parabola meet the 
directrix in L^ the radius of curvature at P is equal to 2 • PL. 

2S. The normal at any point P of a rectangular hyperbola 
meets the curve again in Q; shew that PQ is equal to the 
diameter of curvature at P. 

24. In the rectangular hyperbola, if CP be produced to Q, ' 
so that PQ=CP, and QO be drawn perpendicular to CQ to 
intersect the normal in 0, is the centre of curvature at P. 

25. If S and ff be the foci of an ellipse, B the extremity of 
the axis minor, a circle described through S, H and B^ will cut 
the minor axis in the centre of curvature at B. 

26. The tangent at any point P in an ellipse, of which 8 
and H are the foci, meets the axis major in T, and TQJR, bisects 
HP in Q and meets SP in B, ; prove that PR is one-fourth of , the 
chord of curvature at P through ^S^. 

27. An ellipse, a parabola, and an hyperbola, have the 
same vertex and the same focus ; shew that the curvature', at the 
vertex, of the parabola is greater than that of the hyperbola^ and 
less than that of the ellipse. 

28. The circle of curvature of an ellipse at P passes through 
the focus 8^ and 8E is drawn parallel to the tangent at P to meet 
in E the diameter through P ; shew that it. divides the diameter 
in the ratio of 8 : 1. 

29. The circle of curvature at a point of an ellipse cuts the 
curve in Q; the tangent at P is met by the other common 
tangent, which touches the curves at E and P, in 7; if PQ 
meet TEF in 0, TEOP is cut harmonically. 

80. If the common tangents to an ellipse and a concentric 
circle are parallel to the common diameters, prove that the areas 
of the ellipse and circle are equal. 

81. If i? is the centre of curvature at the point P of a 

parabola, 

SE» + 8.«SfP«=PJ;>. 

82. Find the locus of the foci of the parabolas which have a 
given circle as circle of curvature. 



CHAPTER VIIL 

PROJECTIONS. 

164. Def. The projection of a point on a plane is 
the foot of the perpendicular let fall from the point on 
the plane. 

If from all points of a given curve perpendiculars be 
let fall on a plane, the curVe formed by the feet of the. 
perpendiculars is the projection of the given curve. 

The projection of a straight line is also a straight line, 
for it is the line of intersection with the given plane of 
a plane through the line perpendicular to the given 
plane. 

Parallel straight lines project into parallel lines, for the 
projections are the lines of intersection of parallel planes 
with the given plane. 

165. Prop. I. ParoUlel straight lines, o/Jinite lengths, 
are prqjected in the same ratio. 

That is, if a&, pq be the projections of the parallel 
lines AB, PQ, 

ah : AB :: pq : PQ. 

For, drawing AG parallel to ah and meeting Bh in C7, 
and PR parallel to pq and meeting Qq in R, ABC and 
PQR ai*e similar triangles ; therefore 

AG : AB :: PR : PQ, 

and A G= ah, PR =pq. 

166. Prop. II. The prqjection qf the tangent to a 
curve at any point is the tangent to the projection of the 
curve at the prqfection of the point. 
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For ifp, q be the projections of the two points P, Q of 
tt cnrve, the line pq is the projection of the line PQ, and 
when the line PQ turns round P until Q coincides witii P, 
pq turns round p until q coincides with p, and the ultimate 
position otpq is the tangent at p. 

167. Prop. III. The projection of a circle is an 
ellipse. 

Let aba^ be the projection of the circle ABA\ 




Take a chord PQ parallel to the plane of projection, 
then its projection pq=PQ. 

Let the diameter ANA' perpendicular to PQ meet 
in F the plane of projection, and let aafF be the pro- 
jection of AA'F. 

Then cm' bisects pq at right angles in the point n, and 
an : AN :: aF : AF, 
a'n : AN :: aF : AF; 
.-. AN. NA' : an . naf :: AF^ : aP^. 
but ^iV^.iV^'=PiV«=/?n2, 

/. pn^ '.an. mf :: -4P* : oP-*, 

and the canre apaf is an ellipse, having its axes in the 
ratio of 

aF : ^P, or of aa' : AA\ 
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Moreover, since we can place the circle so as to make 
the ratio of aa* U) AA' whatever we please, an ellipse of 
any eccentricity can be obtained. 

In this demonstration we have assumed only the 
property of the principal diameters of an ellipse. Properties 
of other diameters can be obtained by help of the pre- 
ceding theorems, as in the following instances. 

108. Prop. IV. The locus qf the middle points qf 
parallel chords of an ellipse is a straight, line. 

For, projecting a circle, the parallel chords of the 
ellipse are the projections of parallel chords of the circle, 
and a&the middle points of these latter lie in a diameter 
of the circle, the middle points of the chords of the ellipse 
lie in the projection of the diameter which is a straight 
line, and is a diameter of the ellipse. 

Moreover, the diameter of the circle is perpendicular 
to the chords it bisects ; hence 

Perpendicular diameters of a circle project into eon- 
jugate diameters cfan ellipse, 

169. Peop. V. If two intersecting chords cf an 
ellipse he parallel to fixed lines^ the rcUio qf the rectangles 
contained by their segm&nis is constant. 

Let OPQj ORS be two chords of a circle, parallel to 
fixed lines, and opq, ors their projections. 

Then OP . OQ is to op ,oq m 9k constant ratio, and 
OR , 08 is to or . os in a constant ratio ; but 

OP,OQ=OR,OS, 

Therefore ojo . o^ is to or . o« in a constant ratio ; and 
opq, ors are parallel to fixed lines. 

170. Peop. VI. If qvqf he a double ordinate of a 
diameter cp, and if the tangent at q meet cp pro- 
duced in tf 

cv,ct^cp\ 

The lines qvq' and cp are the projections of a chord 
Q VQ of a circle which is bisected by a diameter CP^ and 
t is the projection of T the point in which the tangent at 
Q meets CP produced. 
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But, io the drcle, 

cr.CT=OP', 
: CV :GP ;: CP : CT; 

\xaa% projected in tl 

ee : ep :: ep : et. 



Hence it follows that tangenta to an ellipee at the ends 
of an; chord meet in the diameter coiyngate to the chord. 

The preceding will serve as sufficient illostraticins of 
the application of tbe method. 



This iH really the convene of Art (167), but we gire 
a conatraotjon for the purpose. 



Draw a plane through AA', the transverse axis, per- 
pendtcnlar to the pkrae of the ellipse, and in this pkine 
describe a circle on AA' as diameter. Also take the chord 
AD, equal to the conjugate axis, and join A'D, which is 
perpendicular to AD. . 

Throug;h AD draw a plane perpendicular to A'D, and 
project a principal chord PNP' on this planeh 
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Then PIP : AN. NA' :: B(P : AC\ 

But PN=pn, 

An : AN ;: ^2> : ^-4' 

:: BG : ^C, 

and Dn : -4'iV :: -S(7 : AG. 

Henco ^n . nZ) : -4iV , NA' :: -S(7» : AG^, 

and therefore pw*=-4n . w2>, 

and the projection ^j^D is a circle. 

This theorem, in the same manner as that of Art. (167), . 
may be employed in deducing properties of oblique dia- 
meters and oblique chords of an ellipse. 

172. Pbop. VII. The prqfection qf a parabola is a 
parabola. 

For if PNP' be a principal chord, bisected by the axis 
AN, the projection pnp' will be bisected by the pro- 
jection an. 

Moreover pn : PN wiU be a constant ratio, as also 
will be an : AN. 

And PN^=4AS.AN. 

Hence jtm^ will be to 4AS. an in a constant ratio, and 
the projection is a parabola, the tangent at a being parallel 
to pn, 

173. Peop. VIII. An hyperbola can be always pro- 
jected into a rectangular hyperbola. 

For the asymptotes can be projected into two straight 
lines cl, cV at right angles, and if PM, PN be parallels to 
the asymptotes from a point P of the curve, PM . PN is 
constant. 

Butj^m : P^andj^n : PiV are constant ratios ; 
/. pm . pn is constant. 

And since pm and pn are perpendicular respectively 
to cl and cl\ it follows that the projection is a rectangular 
hyperbola. 

The same proof evidently shews that any projection of 
an hyperbola is also an hyperbola. 

The explanations of this chapter apply to a particular 
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case only of the general method of projections; in strict- 
ness we should have defined the method as the method of 
orthogonal projections. 



EXAMPLES. 

1. Proye by the method of projections the theorems of Arts. 
66, 70, 71, 73, 74, 76, 77, 78, 81, 83, 84, and 86. 

2. A parallelogram is inscribed in a given ellipse ; shew that 
its sides are parallel to conjugate diameters, and £nd its greatest 
area. 

3. TP, TQ are tangents to an ellipse, and CF, CQf are 
parallel semidiameters ; PQ is parallel to P'Q'. 

4. Determine the greatest triangle which ^an be inscribed 
in, an ellipse having an angular point fixed at a point in its peri- 
meter. 

6. If a straight line meet two ooncentrio, similar, and simi- 
larly situated ellipses, the portions intercepted between the curves 
areequaL 

6. Find the locus of the point of intersection of the tangents 
at the extremities of pairs of conjugate diameters of an ellipse. 

7. Find the locus of the middle points of the lines joining 
the extremitieB of conjugate diameters. 

8. If a tangent be drawn at the extremity of the major axis 
meeting two equal conjugate diameters OP^ CD produced in T 
and t; then PJDl^=2A2*. 

9. If a chord AQ drawn from the vertex be produced to 
meet the minor axis in 0, and CP be a semidiameter parallel to 
it, then AQ. A 0=2CP^. 

10. OQ, OQf are tangents to an ellipse from an external 
point 0, and OB is a diagonal of the parallelogram of which OQ, 
OQ' are adjacent sides ; prove that if i2 be on the ellipse, will 
lie ou a similar and similarly situated concentric ellipse. 

12—2 
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11. A pandlelogram Is insoribed in an ellipse, and from any 
point on the ellipse two straight lines are drawn parallel to the 
sides of the parallelogram ; prove that the rectangles under the 
segments of these straight lines, made by the sides of the paral- 
lelogram, will be to one another in a constant ratio. 

12. A parallelogram circumscribes an ellipse, touching the 
oarve at the extremities of conjugate diameters, and another 
parallelogram is formed by joining the points where its diagonals 
meet the ellipse : proTe that the area of the inner parallelogram 
is half that of the outer one. 

If four similar and similarly situated ellipses be inscribed 
in the spaces between the outer parallelogram and the curve, 
prove that their centres lie in a similar and similarly situated 
ellipse. 

13. If a parallelogram be inscribed in an ellipse, so that the 
diameter bisecting two opposite sides is always divided by either 
side in a constant ratio, its area will be constant. 

14. If a parallelogram droumscribe an ellipse, and if one of 
its diagonals bear a constant ratio to the diameter it contains, 
the area of the parallelogram will be constant. 

15. About a given triangle PQR is circumscribed an ellipse, 
having for centre the point of intersection ( 0) of the lines from 
P, Qt R bisecting the opposite sides, and PO^ Q(7, RC are pro- 
duced to meet the curve in i", Q\ Bf ; shew that, if tangents be 
drawn at these points, the triangle so formed will be similar to 
PQJ^ and four tiroes as great* 

16. The locus of the middle points of all chords of an ellipse 
which pass through a fixed point is an ellipse similar and simi- 
larly situated to the given ellipse, and with its centre in the 
middle point of the line joining the given point and the centre of 
the g^ven ellipse. 

17. Prove that an ellipse can be inscribed in a parallelogram 
so as to touch the middle points of the four sides, and that it is 
the greatest of all inscribed ellipses. 

18. A polygon of a given number of sides circumscribes an 
ellipse. Prove fiiat, when its area is a minimum, any side is 
parallel to the line joining the points of contact of the two 
adjacent sides. 
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19. The greatest triangle which can be inscribed iu an 
ellipse has one of its sides bisected by a diameter of the ellipse, 
and the others cut in points of trisection by the conjugate dia- 
meter. 

20. ^^ is a given chord of an ellipse, and C any point in 
the ellipse ; shew that the locus of the point of intersection of 
lines drawn from A, B^ to the middle points of the opposite 
sides of the triangle ABO is a similar ellipse. 

21. CP, CD are conjugate semidiameters of an ellipse; if 
an ellipse, similar and similarly situated to the given ellipse, be 
described on PD as diameter, it will pass through the centre of 
the given ellipse. 

22. If an hyperbola and its conjugate are described having 
a pair of conjugate diameters of an ellipse for asymptotes, and 
cutting the ellipse in the points a, &, c, d taken in order, shew 
that the diameters Oa, Oe, and Ob, Od are conjugate diameters 
in the ellipse ; and also that Oa, Od, and Ob, Oc are conjugate 
diameters in the hyperbolas. 

23. Q is a point in one asymptote, and q in the other. If 
Qq move parallel to itself, find the locus of intersection of 
tangents to the hyperbola from Q and q, 

24. PT, pt are tangents at the extremities of any diameter ^ 
Pp of an ellipse; any other diameter meets PT in T and its con- 
jugate meets ptiat; also any tangent meets PT in V and pt in 
f; shew that PT : PT' :: ptf : pt, 

25. From the ends P, D of conjugate diameters of an ellipse 
lines are drawn parallel to any tangent line ; from the centre C 
any line is drawn cutting these lines and the tangent in p, d, t, 
respectively; prove that Cp^ + Cd^ = Ct^. 

26. If CP, CD be conjugate diameters of an ellipse, and if 
BP, BD be joined, and also AD, A'P, these latter intersecting 
in 0, the figure BDOP will be a parallelogram. 

27. T is a point on the tangent at a point P of an ellipse, so 
that a perpendicular from T on the focal distance SP is of constant 
length ; shew that the locus of T is a similar, similarly situated 
and concentric ellipse. 



CHAPTER IX. 
OP CONICS IN GENERAL. 

.The Construction qf a Conic 

174. The method of construction, given in Chapter I., 
can be extended in the following manner. 

Let fSn be any straight line drawn through the focus 




^S^, and draw Ax from the vertex parallel to fS, and meet- 
ing the directrix in x. 

Divide the line/Sn in a and a^ so that 

Sa : €^ :: Saf : df :: SA : Ax\ 

then a and a! are points on the curve, for if oX; be the per- 
pendicular on the directrix, 

dk \ of w AX : Ax^ 

and therefore 8a \ ak \\ SA : AX. 
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Take any point e in the directrix, draw the lines eSl, ea 
through S and a, and draw SP making the angle PSl 
equal to ISn, 

Through P draw FPl parallel to fS, and meeting eS 
produced in /, 
then Pl=SP, 

and PI : PF :: Sa : qf; 

.-. SP : PF :: ga 

and SP : PK :: ^a 

therefore P is a point in the cunre. 

The other point of the curve in the line FP may be 
found as in Art. 9. 



(tk; 



175. The oonstmotion for the point (a) giTes a simple proof 
that the tangent at the vertex is perpendicular to the axis. For 
when the angle A8a ia diminished, Sa approaches to equality 
with 8 A, and therefore the angle €lA8 iu ultimately a right 
angle. 

176. Prop. I. To find t?ie points in which a given 
straight line is intersected by a conic qf which the /ocus, 
the directrix, and the eccentricity are given. 
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Let FPP' be the straight line, and draw Ax parallel 
to it. Join FSf and find the points D and E such that 

SD : DF :: SB : EF :: SA : Ax. 

Describe the circle on DE as diameter, and let it inter- 
sect the given line in P and P'. 

Join DP, EP and draw SO, FH^i right angles to EP, 

Then DPE, being the angle in a semicircle, is a right 
angle, and DP is parallel to SG and FH. 

Hence SQ : FH :: SE : EF 

SD : DF 

PG : PH; 

therefore the angles SPG, FPH are equal, and therefore 
PD bisects the angle SPF. 

Hence SP : PF :: SD : 2)i^ :: SA : -4a?, 
and P is a point in the curve. 

Similarly P' is also a point in the curve, and the per- 
pendicular from 0, the centre of the circle, on EPP* meets 
it in F, the middle point of the chord PP', 

Since SE : EF :: SA : Ax 

and SD : DF :: SA : Ax; 

.-. SE-SD : DE :: ^^ : Ax, 
or iSO : OD :: iS4 : ^a?, 

a relation analogous to 

SG : AG :: iSi^ : AX. 

We have already shewn, for each conic, that the middle 
points of parallel chords lie in a straight line; the following 
article contains a proof of the theorem which includes all 
the three cases. 

177. Prop II. To find the locus of the middle p(nnt9 
qfa system nf parallel chords. 

Let P'P one of the chords be produced to meet the 
directrix in F, draw Ax parallel to FP, and divide FS so 
that 

SD : DF :: SE : EF :: SA : Ax ; 
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then, as in the preceding article, the perpendicular OV 
upon PP' from the middle point of DE, bisects PP. 

Draw the parallel focal chord aSdf ; then Od parallel to 
the directrix bisects aa' in e. Also draw SG perpendicular 
to the chords, and meeting the directrix in G. 




Then, if F meet aa' in n, 

Fn : nO :: 8F : SO, 
:: Sf : Se, 
and, since neO, SGf are similar triangles, 

nO : nc :: SG : ^; 
/. Vn : nc :: SG : Sc, 
and the line Vc passes through G, 

The straight line Gc is therefore the locus of the mid- 
dle points of all chords parallel to aSa\ 

The ends of the diameter GO may be found by the con- 
struction of the preceding article. 
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Cob. When the conic is a parabola, SA = AX, 



and 



So 



and 



Hence 



Sa : c^ :: AX : Aa 
:: SX : Sf. 
So^ :a/::SX : JSlf; 
\ Sc : ac :: ^SX : /^T, 

ac \ qf:: SX \ /^, 

JSc :qf:: SX^ 



:: GX.Xf: Gf.fX 

:: GX : Gf; 

and therefore Gc is parallel to SX, that is, the middle 
points of parallel chords of a parabola lie in a straight line 
parallel to the axis. 




178. Prop. III. To Jlnd the locus qfths middle poinis 
of all focal chords qfa conic. 

Taking the case of a central conic, and referring to the 
figure of the preceding article, let Oc meet SCin Ni 
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then cN : NS ::/X : JSX, 

and cN : NO :: GX : C7X; 

/. cN^ : /S'iV. iVC :: fX . GX : SX . OX 

:: /yJC* : JSX . CX. 

Hence it follows that the locus of <? is an ellipse of 
which SG is the transverse axis, and such that the squares 
of its axes are as SX : OX, or, Cor. Art. (59), as 

BC* : AC*. 

Hence the locus of c is similar to the conic itself. 

EXAMFLEa 

1. If an ordinate, PHP*, to the transverse axis meet the 
tangent at the end of the latus rectum in T, 

TP.TP'=:8N\ 

Shew also that SP = TN. 

2. A focal chord P8Q, of a oonio section it produced to 
meet the directrix in f , and KM, KN are drawn thn>ugh the 
feet of the ordinates PM, QxY of P and Q. If KN produced 
meet PN produced in i2, prove that 

PR::^PM. 

8. Focal chords of an ellipse or hyperbola are in the ratio 
of the squares on the parallel diameters. 

4. The tangents at P and Q, two points in a conic, inter- 
sect in 2*; if through P, Q, chords be drawn parallel to the 
tangents at Q and P, and intersecting the conic in p and q 
respectively, and if tangents at j> and q meet in T, shew that Ti 
is a diameter. 

5. Two tangents TP, TQ are drawn to a conic intersecting 
the directrix in P', Q', 

If the chord PQ cut the directrix in i2, prove that 

8F : S(X :: RP' : PQ'. 

6. Tangents from a point T touch the curve at P and Q ; if 
PQ meet the directrices in R and R, PR and Q^ subtend equal 
angles at T. 
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7. The chord of a conic PP' meets the directrix in JT, and 
ihe tangents at P and P" meet in 2*; if RKR\ parallel to ST, 
meet the tangents in It and JR\ 

KR := KR. 

8. The tangents at P and /", intersecting in I*, meet the 
latus rectum in D and ly ; prove that the lines through D and 
D\ respectively perpendicular to SP and SF^ intersect in ST, 

9. PSP* is a focal chord; shew that any line through S is 
divided harmonically by the directrix and the tangents at P and 
F, 

10. Having g^ven a focus, a tangent, and the eccentricity 
of a conic section ; prove that the locus of its centre is a circle. 

11. If P, Q be two points on a conic, and jp, q two points 
on the directrix such that pq subtends at the focus half the angle 
subtended by PQ, either Pp and Qq or Pq and Qp meet on the 
curve. 

12. A chord PF of a conic meets the directrix in P, and 
from any point T in PP', TLV is drawn parallel to SF and 
meeting jSP, SP' in L and L' ; prave that the ratio of SL or 
SL' to the distance of T ftoiSL the directrix is equal to the ratio 
aiSA \AX. 

13. If an ellipse and an hyperbola have their axes coincident 
and proportional, points on them equidistant Irom one axis have 
the sum of the squares on their distances from the other axis 
constant. 

14. If Q be any point in the normal PQ^ Qi2 the perpendi- 
cular on SPf and Q3f the perpendicular on PN^ 

q,R : PM :: SA : AX. 

15. The normals at the extremities of a focal chord PSQ of 
a conic intersect in K, and KL is drawn perpendicular to PQ ; 
KP is a diagonal of the parallelogram of which SK, KL are 
adjacent sides : prove that KF is parallel to the transverse axis 
of the conic. 

16. Given a focus of a conic section inscribed in a triangle, 
find the points where it touches the sides. 

17. PSQ is any focal chord of a conic section ; the normals 
at P and Q intersect in iT, and KN is drawn perpendicular to 
PQ ; prove that PN is equal to S^ and hence deduce the locus 
oiN. 



Examples. 189 

18. Through the extremit/ P, of the diameter PQ of an 
ellipse, the tangent TPP is drawn meeting two conjugate dia- 
meters in T, T* From P, Q the lines PR^ Qi2 are drawn paral- 
lel to the same oonjugate diameters. Prove that the rectangle 
under the aemiaxes of the ellipse is a mean proportional between 
the triangles PQi2 and CTT, 

19. Shew that a conic may be drawn touching the sides of a { ^^^^^ 
triangle, having one focus at the centre of the drcumscribing i ^^ 
circle, and the other at the orthocentre. I ^^^\? 

20. The perpendicular from the focus of a conic on any 
tangent, and the central radius to the point of contact, intersect 
on the directrix. 

21. AB^ AC are tangents to a conic at B^ and C, and 
DEOF is drawn from a point D in AC, parallel to ii^ and 
cutting the curve in E and P^ and BC in Q; shew that 

DCf^=DB.DP. 

^ 22. A diameter of a parabola, vertex P, meets two tangents 
in D and E and their chord of contact is (?, shew that 

FQ^=ED . PE. 

23. If a straight line parallel to an asymptote of an hyper- 
bola meet the curve in P and also meet two tangents in J) and 
E and their chords of contact in Q ; 

PCP=PD . PE. 

24. P and Q are two fixed points in a parabola, and from 
any other point Ji in the curve, MP, MQ are drawn cutting a 
fixed diameter, vertex i?, in B and O; prove that the ratio of 
BB to EO is oonstanL 

The same theorem is also true for an hyperbola, if a fixed 
line parallel to an asymptote be substituted for the diameter of 
the parabola. 

25. If the normal at P meet the transverse axis in g, and gi 
be perpendicular to SP, Pk is constant ; and if Id parallel to the 
transverse axis meet the normal at P in 2, hi is constant. 

26. A system of conies is drawn having a common focus 8 
and a common latus rectum ZSfZ'. A fixed straight line through 
8 intersects the conies, and at the points of intersection normals 
are drawn. Prove that the envelope of each of these normals is 
a parabola whose focus lies on LSL', and which has the given 
line as tangent at the vertex. 



CHAPTER X. 
HARMONIC PROPERTIES, POLES AND POLARa 

179. Dbp. a straight line is harmonically divided 
in two points tohen the whole line is to one of the extreme 
parts as the other extreme part is to the middle part. 

Thus AD is harmonically divided in C and B, when 

AD : AG :: BD : BG. 

This definition, it will be seen, is th^ same aa that of 
Art (17), for BD=AD-AB, and BG=AB-AG. 



A C 3 D 

Under these circumstances the four points A,G,B,D 
constitute an Harmonic Range, and if through any point 
O four straight lines OA, OG, OB, OD be drawn, these 
four lines constitute an Harmonic Pencil, 

180. Pkop. I. jy a straight line be drawn parallel 
to one of the rays of an harm,(mic pencil, its segments 
made by the other three wHl be equal, and any straight 
line is divided harmxmically by the four rays. 

Let AGBD be the given harmonic range, and draw 
EGF through G parallel to OD, and meeting OA, OB in 
E and F. 

Then AD : AG :: OD : EC, 

and BD : BG :: OD : GF; 

but from the definition 

AD : AG ;: BD : BG; 

.-. EG= GF, 
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and any other line parallel to ECF is obviously bisected 
byOa 

Next, let ad}d be any straight line cutting the pencil, 
and draw ^//parallel to Od; so that ec^tf. 




Then 



and 



ad : ac :: Od ; eCy 
hd : be :: Od : </; 
^,ad \ ac :: hd : be; 



that is, acbd is harmonically divided. 

If the line efiba be drawn catting AO produced, 

then ab : ac :: Od : ee, 

and /3d : /3c :: Od : cf; 

.*. ad : ae :: /3d : /3c, 

or ac : od :: ^c : /38, 

and similarly it may be shewn in all other cases that the 
line is harmonically divided. 

181. Prop. II. The pencil formed by two Hraight 
lines and the bisectors qf the angles between them is an 
harmonic pencil, 

For, if OA, OB be the lines, and OC, OD the bisec- 
tors, draw KPL parallel to OC and meeting OA, ODt 
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OB, Then the angles OJTZ. OLK are obvionsly equal, 




and the angles at P are right angles ; therefore KP=PLy 
and the pencil is harmonic. 

182. Pbop. III. J[f ACBD, Acbd be harmonic 
ranges, the straight lines Cc, Bb, Dd will meet in a pointy 
as also Cd, cD, Bb. 

For, if CCf Dd meet in F, join Fb ; then the pencil 




F{Acbd) is harmonic, and will be cut harmonically by 
AD. 
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Hence Fb produced will pass through B. 

Similarly, if Cd^ cD meet in E, 

E{Acbd) is harmonic, and therefore hE produced will 
pass through B, 

Harmonic Properties of a QucuirilateraL 

In the preceding figure, let CcdD be any quadri- 
lateral ; and let dc, DC meet in A, Cd, cD in E, and CCy 
Dd in F, 

Then taking h and ^ so as to divide Acd and ACD 
harmonically, the ranges Acbd and AGBD are harmonic, 
and therefore Bh passes through both E and F. 

Similarly it can be shewn that AF is divided harmoni- 
cally in L and Jf, by Dc and dC, 

For E{Acbd) is harmonic and therefore the transversal 
ALFM is harmonically divided. 

183. Pbop. IV. If 'AGBD be an harmonic range^ 
and E the middle point cf CD^ 

EA . EB=E(P. 

A O 3 2 3 

For AD : AG :: BD : BG, 

or AE+EG : AE-EG :: EG^EB : EG-EB; 

.-. AE : EG ;: EG : EB, 
or AE.EB=EG^=EDl 

Hence also, conversely, if EG^=ED^=AE. EB, the 
range AGBD is harmonic, (7 and D being on opposite 
sides of E, 

Hence, if a series of points A, a, B, &,... on a straight 
line be such that 

EA . Ea=EB . Eb=EG. Ec... 

:=EP^, 

B. 0. S. 13 
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and if EQ=EP, then the aeveral ranges {APaQ\ {BPbQ\ 
&c. are harmonic. 

184. Def. a system of pairs of points on a straight 
line such that 

EA . Ea=EB . Eb=... =EI^=E(P, 

is called a system in Involution, the point E being called 
the centre and P, Q the foci X)f the system. 

Any two corresponding points A, a, are called conjur 
gate points, and it appears from above that any two con- 
jugate points form, with the foci of the system, an harmo- 
nic range. 

It will be noticed that a focus is a point at which con- 
jugate points coincide, and that the existence of a focus is 
only possible whbn the points A and a are both on the 
same side of the centre. 

185. Ffiop. V. Having given two pairs qf points A 
and a, B and h, it is required to find the centre and foci 
qfthe involution. 

If ^ be the centrb, 

EA : EB :: Eb : Ea; 



Q E A B ha 

:, EA : AB :: Eh : ab, 
or EA : Eb :: AB : db. 

This determines E, and the foci P and Q are given by 
the relations 

EP^=EQ^=EA , Ea, 

We shall however find the following relation useful 

Since EA : Eb :: EB : Ea; 

.'. EA : Ab :: EB : aB, 

or EA : EB :: Ab : aB; 



but 
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:.Eb 


: EB 


:: Ab . 


ba :: -4-B . Ba, 


Again, Qb 


: Pb 


:: QB 


: PJ?; 


:. Qb-Pb 


: Pb 


:: QB- 


-Pi? : PB, 


or 2.EP 


:Pb 


:: 2.EB : BP; 


:. Pl^ : 


PB^ 


:: EP^ 


:EB^, 






:: Eb ; 


: ^5 






:: -46 . 


&a : AB . ^a. 


This determines the ratio in which Bb is divided by P. 



186. If QAPa be an harmonic range and E the middle 
point of PQ, and if a circle be described on PQ as diar 
meter, the lines joining any point R on this circle with P 
and Q will bisect the angles between AR and aR. 

For EA . Ea'^EP^^ER^i 




:. EA : ER :: -Efl : Ea, 
and the triangles ARE, aRE are similar. 



Hence 



But 



Hence 



AR : aR :: EA : ER 
:: EA : EP. 
Ea : EP :: EP i EA\ 
,aP \ EP x\ AP : EA. 
AR : aR :: AP : aP, 



and .^iZa is bisected by RP, 



13—2 
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Hence, if A and a, B and b be conjugate points of a 
system in involution of which P and Q are the foci, it- 
follows that AB and ab subtend equal angles at any point 
of the circle on PQ as diameter. 

This fact also affords a means of obtaining the relations 
of Art 186. 

We must observe that if the points A^ a are on one 
side of the centre and B, b on the other, the angles sub- 
tended by AB, ab are supplementary to each other. 

187. Prop. VI. j[f four points form an harmonic 
range, their cor^uffotes also form an harvnonic range. 

Let A, B, Oj D be the four points, 

a, by €f d their conjugates. 

d c h a A B G B 

Q E P 

Then, as in Art. 185, 

£a : JED :: ad : AD; 
.\AD .Ea=JSD.ad. 
Similarly A C . Ea=EG . ac, 

BD .Eb=ED.bd, 
BC.Eb=EC.bc, 
But, ABCD being harmonic, 

AD : AC :: BD : BC; 
.\ED.ad : EG.ac :: ED.bd : EG. be. 
Hence ad : ac :: bd : be, 

or the range of the conjugates is harmonic 

188. Prop. VII. If a system of conies pass throtigh 
four given points, any straight line toill be cut by the 
system in a series qf points in involution. 
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The four fixed points being C, D, E, F, let the line 
meet one of the conies in A and a, and the straight lines 
CFy ED, in B and b. 

Then the rectangles AB . Ba, CB . BF are in the 
ratio of the squares on parallel diameters, as also are 
Ah . ha and Dh . hE, 

But the squares on the diameters parallel to CF, ED 
are in the constant ratio KF , KG : KE , KD\ and, the 
line Bh being given in position, the rectangles CB . BF 
and Dh .hE Bxe given ; therefore the rectangles AB . Ba, 
Ah . ha are in a constant ratio. 




But, Art. 185, this ratio is the same as that of PB 
Pb^, if P be a focus of the involution -4, a, B, h. 

Hence P is determined, and all the conies cut the line 
Bh in points which form with B, h b, system in involution. 

We may observe that the foci are the points of contact 
of the two conies which can be drawn through the four 
points touching the line, and that the centre is the inter- 
section of the line with the conic which has one of its 
asymptotes parallel to the line. 

189. Prop. VIIL Jf through any point two tangents 
he dravm to a coniCf any other straight line through the 
point will he divided harmonically by the curve and the 
chord qf contact . 
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Let ABf AC be the tangents, ADFE the straight 
line. 

Through Z> and E draw ODHK^ LEMN parallel 
ioBC. 

Then the diameter through A bisects DH, and BC^ 
and therefore bisects GK\ hence OD^HK, and similarly 

Also LE : ^^ :: GD : DiT; 

.-. LE.EN : Z^ :: GD.DK : G£^, 
or Z-^. LM : GD. GH ;: LE^ : GD" 

:: LA^ : GAK 
But LE.LM : GD. GH :: Z^ : ^G»; 
hence AL : AG :: BL : BG, 




and therefore AE : -4Z> :: .Pj^ : FD, 
that is, ADFE is harmonically divided. 

190. Pbop. IX. If ttco tangents he drawn to a conic, 
any third tangent is JvarmonicaUy divided "by the ttoo 
tangents, the curve, and the chord 0/ contact 

Let DEFG be the third tangent, and through G, the 
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point in which it meets AC, draw OHKL parallel to AB, 
cutting the curve and the chord of contact in H, K^ L, 




Then OH. QL : 0(P :: AE^ : A(P 

:: GJ^ : GC^; 
.'. GH . GL^GJSP. 
Hence DG^ : DE^ :: GK^ : EB^ 

GH. GL : EB^ 
GF^ : EF^ ; 
that is, DEFG is an harmonic range. 

191. Pbop. X. If any straight line meet two tangents 
to a conic in P and Q, the chord qf contact in T and the 
conic in R and V, 

PR.PV : QB.QF:: PT* : QT^. 

Taking the preceding figure, draw the tangent DEFG 
parallel to PQ. 

Then PR.PV : EF^ :: PB^ : BE^ 

:: PT^ : I)jE"; 
and QR.QV : GF^ :: QC^ : G(P 

:: Q'n : DG^\ 
but EF : DE :: GF : DG ; 

/. PR . PV : PT^ :: QR.QV : QT\ 
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192. Prop. XL I/chordg qfa conic be drawn trough 
a fixed point the pairs of tangents (U their extremities 
icill intersect in a fixed line. 

Let B be the fixed point and C the centre, and let CB 
meet the curve in P, 




Take A in CP such that 

CA : CP :: CP : CB; 
then B is the middle point of the chord of contact of the 
tangents AQ, AR, 

Draw any chord EBF and let the tangents at E and F 
meet in O : also join CG and draw FN parallel to EF. 

Then if CG meet j^i^in JTand the tangent at P in 7, 

CjS:.CG=CN.CT; 
.'. CG : CT :: CN : CK 
:: CP : CB 
:: CA : CP ; 
hence AG is parallel U) FT, and the point G therefore 
lies on a fixed line. 
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If the conic be a parabola, we must take AP equal 
to BP : then, remembering that Jr6r and NT are bisected 
by the curve, the proof is the same. 

193. If A be the fixed point, and if the chord AJEF be 
drawn through A, then, as before, 

C£r.CG=CN.CT, 




and 



CG : CT 



ON : CK 

CP \CA 

CB : CP\ 

therefore BG is parallel to PT* and coincides with the 
chord of contact QB, 

Hence, conversely, if from points on a straight line 
pairs of tangents be drawn to a conic, the chords of con- 
tact will pass through a fixed point. 

194. Def. The locus of the points of intersection of 
tangents at the extremities of chords through a fixed point 
is called ihnQ polar of the point. 

Also, if from points in a straight line pairs of tangents 
be drawn to a conic, the point in which all the chords of 
contact intersect is called the ji^oZ^ of the line. 

If the pole be without the curve the polar is the chord 
of contact of tangents from the pole. 
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If the pole be on the carve, the polar is the tangent 
at the point. 

195. Prop. XII. A straight line dravm through any 
point is divided harmonically by the point, the curve, 
and the polar 0/ the point 

If the point be without the conic this is already proved 
in Art. (1&9). 

If it be within the conic, as jS in the figure of Art (192), 
then, drawing any chord ^jB-^F meeting in V the polar 
of B, the chord of contact of tangents from V passes 
through B, by Art (192), and the line FEBF is therefore 
harmonically divided. 

Hence the polar may be constructed by drawing two 
chords through the pole and dividing them harmonically ; 
the line joining the points of division is the polar. 

196. Prop. XIII. The polars qf tvoo poifits intersect 
in the pole qfthe line joining the two points. 

For, if ^, ^ be the two points and the pole of AB, 
the line AO \& divided harmonically by the curve, and 
therefore the polar of A passes through the point 0, 

Similarly the polar of B passes through ; 

That is, the polars of A and B intersect in the pole 
otAB. 

197. Prop. XIY. Xfa quadrilateral he inscribed in 
a conic, its opposite sides and diagonals will intersect in 
three points such that each is the pole qf the line joining 
the other tioo. 

Let ABCD be the quadrilateral, F and Q the points 
of intersection of AD, BG, and of DC, AB, 

Let EG meet FA, FB, in L and M. 

Then, Art (182), FDLA and FOMB are harmonic 
ranges; 

Therefore L and M are both on the polar of F, Art 
(196), and BG is the polar of F. 
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Similarly, EF is the polar of G, and therefore E ia 
the pole of FG j Art (196). 




198. Def. If each of the sides of a triangle be the 
polar, with regard to a conic, of the opposite angular point, 
the triangle is said to be te^-conjvgate with regard to the 
conia 

Thus the triangle EGF in the above figure is self- 
oonjugate. 

To construct a self-conjugate triangle, take a straight 
line AB and find its pole C, 

Draw through C any straight line CD cutting AB in 
Z>, and find the pole E of CD, which lies on AB : then 
CDE is self-conjugate. 

199. Prop. XV. ff a quadrilateral circumscribe a 
conic f its three diagonals form a seif- conjugate triangle. 

Let the polar of /'(that is, the chord of contact P'P\ 
meet FG in R\ then, since R is on the polar of F^ it 
follows that F is on the polar of R. 

Now F (AEBG) is harmonic. Art (182), and if FE meet 
P'P in T, P'TPR is an harmonic range ; hence, by the 
theorem of Art. (195), FE\^ the polar of R, 
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Similarly, if the other chord of contact QQ' meet FG in 
B\ GE is the polar oiB'; 




.'. ^ 18 the pole of RR, that is, of LK. 

Again, DEBK is harmonic, and, if QP meet AC in S 
and CKin F, QSPV is harmonic, and /. 8 is on the polar 
of V\ hence, 8 being on the polar of C7, CV, that is CK^ 
is the polar of 8, 

Similarly, if P'Q' meet ACm^, AK is the polar of 8'\ 

.-. -ZT is the pole of 88'^ that is, of EL, 

ELK is therefore a self-conjugate triangla 

200. Peop. XVI. If a tfystem qf eonics have a com- 
mon self-corrugate triangle, any straight line passing 
through one of the angular points qf the triangle is cut 
in a series of points in involution^ 

For, if ABG be the triangle, and a line APDQ meet 
BC in 2>, and the conic in P and Q, APDQ is an har- 
monic range, and all the pairs of points P, Q form with 
A and D an harmonic range. 

Hence the pairs of points form a system in involution, 
of which A and D are the foci. 
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201. Prop. XVII. The pencil formed by the polars 
cf the four points of an harmonic range is an harmonic 
pencil. 

Let ABCD be the range, O the pole of AD, 

Let the polars Oa, Oh, Oc, Od meet ADina^hyC^ d, 
and let AD meet the conic in P and Q. 

d h e a 

5 P — 2 d — 5~5~ 

Then APaQ^ CPcQ, &c. are harmonic ranges; and 
therefore, Arts. 183, 184, a, c, &, d are the conjugates of 
A, G, B, D. 

Hence, Art. (187), the range achd is harmonic, and there- 
fore the pencil {a/6bd) is harmonic. 
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202. The pole of a line with regard to any conic being 
a point and the polar of a point a line, it follows that any 
system of points and lines can be transformed into a 
system of lines and points. 

This process is called reciprocation, and it is clear that 
any theorem relating to the original system will have its 
analogue in the system formed by reciprocation. 

Thus, if a series of lines be concurrent, the corre- 
sponding points are collinear; and the theorem of Art 
(201) is an instance of the effect of reciprocation. 

203. Def. If a point more in a curve ((7), its polar 
will always touch some other curve (C) ; this latter curve 
is called the reciprocal polar of (O) with regard to the 
auxiliary conic. 

Pkop. XVIL if a curve C be the polar qf C, then 
toill C be the polar qf C\ 

For, if P, P' be two consecutive points of C, the inter- 
section of the polars of P and P' is a point Q, which is 
the pole of the line PP\ 

But the point Q is ultimately, when P and P coin- 
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cide, the point of contact of the curve which is touched 
by the polar of P. 

Hence the polar of any point Q of C is a tangent 
to the curve C, 

204. So far we have considered poles and pokra 
generally with regard to any conic ; we shall now confine 
our attention to the simple case in which a circle is the 
auxiliary curva 

In this case, if AB be a line, P its pole, and CY the 
perpendicular from the centre of the circle on AB^ the 
rectangle GP .CYib equal to the square on the radius 
<rf the circle. ^ 

A simple construction is thus given for the pole of a 
line, or the polar of the point. ^^ • 'i 

205. As an illustration take the theorem of the exist- 
ence of the orthocentre in a triangle. 

Let AOD, BOE, COF be the perpendiculars, O being 
the orthocentre. 

The polar reciprocal of the line BC is a point A\ and 
of the point A a line BC, 

To the line AD corresponds a point P on B'C\ and 
since ADB is a right angle, it follows that PSA' is a 
right angle, S being the centre of the auxiliary circle. 

And, similarly, if SQ^ SB, perpendiculars to SB^, S0\ 
meet C'A' and A^B in Q and B^ these points correspond 
to -B^ and OF. 

But AD, BE, CF are concurrent, 

.'. P, Q, B are coUinear. 

Hence the reciprocal theorem, 

If from, any point 8 lines he drawn perpendicular 
respectively to SA\ SB, SC, and meeting BC\ C'A\ 
A'B in P, Q,and B, these points are coUinear. 

As a second illustration take the theorem. 

If Af B he two fixed points, and AC, BO at right 
angles to each other, the loctis qfCis a circle. 

Taking 0, the middle point of AB, as the centre of 
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the auxiliary circle, the reciprocals of A and B are two 
parallel straight lines, PE^ QF, perpendicular to AB\ the 
reciprocals of ACy BCbtb points P, Q on these lines such 
that POQ is a right angle, and PQ is the reciprocal 
of (7. 

Hence, the locus of C being a circle, it follows that PQ 
always touches a circle. 

The reciprocal theorem therefore is, 

J[fa straight line PQ, bounded by two parallel straight 
lines, stibtend a right angle at a point 0, halfway between 
the lines, the line PQ always Uyuchss a circle, having O 
for its centre. 

206. Prop. XVIII. The reciprocal polar of a circle 
with regard to another circle, called the atixUiary circle, 
is a conic, a focus of which is the centre cf the auxiliary 
circle, and the corresponding directrix the polar of the 
centre qfthe reciprocated circle. 

Let S be the centre of the auxiliary circle, and KX 
the polar of C, the centre of the reciprocated circle. 




Then, if P be the pole of a tangent Q F to the circle 
C, ASP^eeting this tangent in Y, .V^. %c - %x : G^c 

8P . SY=sx.sa V^' ^"^ ^^^ '^^ 

' ' " - MX', uc 
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Therefore drawing SL parallel to QF, 

SP : SC :: SX : QL. 

But, by similar triangles, 

SP : SG :: SN : CL ; 

/. SP : SC :: iVX : €Q, 

or .SP : PK: :: ^C7 : CQ. 

Hence the locus of P is a conic, focus S, directrix KX, 
and having for its eccentricity the ratio of SC to CQ. 

The reciprocal polar of a circle is therefore an ellipse, 
parabola, or hyperbola, as the point S is within, upon, or 
without the circumference of the ^rfile. a ^tn ',j^ , J ^ju*^ ttj^-. 

207. Pbop. XIX. To find the lotus rectum and axes 
qfthe reciprocal conic. 

The ends of the latus rectum are the poles of the tan- 
gents parallel to SC, 

Hence, if SB be the semi-latus rectum, 

SR.CQ^SE^ 

SE being the radius of the auxiliary circle. ^ y ,. .^ 




The ends of the transverse axis ^, ^' are the poles 
of the tangents at F and G ; 

.'. SA.SG=SE% 

and SA\SF=SE\ 
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Let SU, SU' be the tangents from S, then 

SO.SF=SU\ 

and SA : SF :: SE^ : SU\\ 

Hence AA' : FG :: /S'^« : /SI/'*, 

or, if be the centre of the reciprocal, 

AO : CQ :: SE^ : SUK 
Again, if BOB' be the conjugate axis, 

BO^=SB.AO', 
therefore, since SE^ = SB . CQ, 

BO" : SE^ :: AO : CQ 
:: SE^ : SU\ 
and B0.SU=8E\ 

The centre 0, it may be remarked, is the pole of UlT. 

For^ from the relations (a), 

SE^ : 8U^ :: SA+SA' : /ST^+zS'Gf 

SO.SM : SC.SM; 
.-. SO.SM^SE\ 

208. In the figures drawn, the reciprocal conic is an 
hyperbola ; the asymptotes are therefore the lines through 
O perpendicular to SU and SU\ the poles of these lines 
being at an infinite distance. 

The semi-conjugate axis is equal to the perpendicular 
from the focus on the asymptote, Art (99), i, e, if OB be the 
asymptote, SD is equal to the semi-conjugate axis. 

Further, since OD is perpendicular to SU, and is 
the pole of UU\ it follows that 2> is the pole of CU, and 

.'. SD.SU=SE\ 

as we have already shewn. 

B. c. s. 14 
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Again, 2) being the intersection of the polars of C and 
27, is the intersection ofSUsjid the directrix. 

209. If the point S be within the circle, so that the 
reciprocal is an ellipse, the axes are given by similar 
relations. 

Through S draw /S^ZZ perpendicular to FG, 




Then SF.SG^SU^ 

and exactly as in the case of the hyperbola, 

AO : CQ :: SE^ : SU\ 
and BO.SU=SE\ 

210. The important Theorem we have just considered 
enables us to deduce from any property of a circle, a cor- 
responding property of a conic, and we are thus furnished 
with a method, which may serve to give easy proofs of 
known properties, or to reveal new properties of conies. 

In the process of reciprocation we observe that points 
become lines and lines points ; that a tangent to a curve 
reciprocates into a point on the reciprocal, that a curve 
inscribed in a triangle becomes a curve circumscribing a 
triangle, and that when the auxiliary curve is a circle, the 
reciprocal of a circle is a conic, the latus rectum of which 
varies inversely as the radius of the circle. 
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21 1. We give a few instances : 



\ 



Theobeh. 



Becifbooal. 



The angles in the same seg- 
ment of ft circle ftre equal. 



Two of the common tan- 
gents of two equal circles are 
paralleL 



If a chord of a circle sub- 
tend a constant angle at a fixed 
point on the curve, the chord 
always touches a circle, o .<w' , 



Jf a chord of a circle pans 
through a fixed point, the rect- 
angle contained by the seg- 
ments is constant. 

If two chords be drawn 
from a fixed point on a circle 
at right angles to each other, 
the line joining their ends passes 
through the centre. 

If a circle be inscribed in a 
triangle, the lines joining the 
vertices with the points of con- 
tact meet in a point. 

The sum of the reciprocals 
of the radii of the escribed cir- 
cles of a triangle is equal to 
the reciprocal of the inscribed 
circle. 



If a moveable tangent of a 
conic meet two fixed tangents, 
the intercepted portion sub- 
tends a constant angle at the 
focus. 

If two conies have the same 
focus, and equal latera recta, 
the straight line joining two of 
their common points passes 
through the focus. 

If two tangents of a conic 
move so that the intercepted 
portion of a fixed tangent sub- 
tends a constant angle at the 
focus, the locus of the intersec- 
tion of the moving tangents is 
a conic having the same focus 
and directrix. 

The rectangle contained by 
the perpendiculars from the 
focus on two parallel tangents 
is constant. 

If two tangents of a conic 
move so that the intercepted 
portion of a fixed tangent sub- 
tends a right angle at the focus, 
the two moveable tangents meet 
in the directrix. 

If a triangle be inscribed in 
a conic the tangents at the ver- 
tices meet the opposite sides in 
three points lying in a straight 

line. 

With a given point as focus, 

four conies can be drawn cir- 

cumsciibing a triangle, and the 

latus rectum of one is equal to 

the sum of the latera recta of 

the other three. 



14—2 
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EXAMPLES. 

1. If a series of circles pass tbrough the same two points, 
any transversal will be cut by the circles in a series of points in 
involution. 

2. If be the centre of the circle circumscribing a triangle 
ABC, and B'Cf, 0'A\ A!B, the respective polars with regard 
to a concentric circle of the points A^ B, O, prove that ia the 
centre of the circle inscribed in the triangle A'BQ*, 

3. OA^ OB, 0(7 being three straight lines given in position, 
shew that there are three other straight lines each of which forms 
with OA, OB, 00 an harmonic pencil; and that each of the 
three OA, OBt 00 forms with the second three an harmonic 
pencil. 

4. The straight line ABGB is divided harmonically in the 
points J9, (7; prove that if a circle be described on il(7 as 
diameter, any circle passing through B and 2> will cut it at right 
angles. 

5. Three straight lines ADy AE, AF are drawn through a 
fixed point A, and fixed points B, C, J) are taken in AD, such 
that A BOD is an harmonic range. Any straight line through C 
intersects AE and AF in E and Ft and BE, DF intersect 
in P; BE, BF in Q. Shew that P and Q always lie in a 
straight line through A, forming with AD, AE, AF an har- 
monic pencil. 

6. CA, OB are two tangents to a conic section, a fixed 
point mAB, POQ any chord of the conic ; prove that the inter* 
sections of AP, BQ, and also of AQ^ BP lie in a fixed straight 
line which forms with CA, CO, CB an harmonic penciL 

7. If three conies pass through the same four points, the 
common tangent to two of them is divided harmonically by the 
third. 

8. Two conies intersect in four points, and through the 
intersection of two of their common chords a tangent is 
drawn to one of them; prove that it is divided harmonically by 
the other. 

9. Prove that the two tangents through any point to a 
conic, any line through the point and the line to the pole of the 
last line, form an harmonic pencil. 
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10. Shew that the asymptotes of an hyperbola form, with 
any pair of conjugate diametersi an harmonic pencil. 

11. Shew, from Arts. 195 and 196, that the centre of a conic 
is the pole of a line at an infinite distance. 

12. PSQ, and PS'R are two focal chords of an ellipse ; two 
other ellipses are desciibed having P for a common focus, and 
touching the first ellipse at Q, and R respectively. The three 
ellipses have equal major axes. Prove that the directrices of the 
last two ellipses pass through the pole of QR, 

13. Tangents from T touch an ellipse in P and Q, and PQ 
meets the directrices in R and R! ; shew that PR and (IR sub- 
tend equal angles at T. 

14. The poles of a given straight line, with respect to sections 
through it of a given cone, all lie upon a straight line passing 
through the yertex of the cone. 

15. If from a ^ven point in the axis of a conic a chord be 
drawn, the perpendicular from the pole of the chord upon the 
chord will meet the axis in a fixed point. 

16. Q is any point in the tangent at a point P of a conic ; 
QO perpendicular to CP meets the normal at P in (r, and QJS 
perpendicular to the polar of Q meets the normal tA P \u E; 
prove that EQ is constant and equal to the radius of curvature 
at P. 

17* If any triangle be reciprocated with regard to its ortho- 
centre, the reciprocal triangle will be similar and similarly 
situated to the original one and will have the same orthocentre. 

18. If two conies have the same focus and directrix, and a 
focal chord be drawn, the four tangents at the points where it 
meets the conies intersect in the same point of the directrix. 

19. An ellipse and a parabola have a common focus ; prove 
that the ellipse either intersects the parabola in two points and 
has two conmion tangents with it, or else does not cut it. 

20. Prove that the reciprocal polar of the circumscribed 
circle of a triangle with regard to the inscribed circle is an 
ellipse, the major axis of which is equal in length to the radius 
of the inscribed circle. 
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21. Prove that four parabolas, having a common focus, may 
be described so that each shall touch three out of four given 
straight lines. 

22. A triangle ABC circumscribes a parabola, focus ^S^: 
through ABC lines are drawn respectively perpendicular to SA, 
SB, SC; shew that these lines meet in a point* 

28. A tangent to an ellipse at a point P intersects a fixed 
tangent in T; it through a focus S a line be drawn perpendicular 
to ST, meeting the tangent at P in Q, the locus of Q is a straight 
line touching the ellipse. 

24. Prove that the distances, from the centre of a circle, of 
any two poles are to one another as their distances horn the 
alternate polars. 

25. If P, Q, R be three points on a conic, and PR, QR 
meet the directrix in p, q^ the angle which pq subtends at the 
corresponding focus is half the angle which PQ subtends. 

26. Beciprooate the theorems, 

(1) The opposite angles of any quadrilateral inscribed 
in a circle are equal to two right angles. 

(2) If a line be drawn from the focus of an ellipse 
making a constant angle with the tangent, the 
locus of its intersection with the tangent is a 
circle. 

27. The locus of the intersection of two tangents to a para- 
bola which include a constant angle is an hyperbola, having the 
same focus and directrix. 

28. Two ellipses having a common focus cannot intersect in 
more than two real points, but two hyperbolas, or an elli|)se and 
hyperbola, may do so. 

29. ABC is any triangle and P any point : four conic sec- 
tions are described with a given focus touching the sides of the 
triangles ABC, PBC, PCA, PAB respectively, shew that they 
all have a common tangent. 

80. TP, TQ are tangents to a parabola cutting the directrix 
respectively in Xand Y; ESFia a straight line drawn through 
the focus 8 perpendicular to ST, cutting TP, TQ respeotivdiy 
in B, F; prove l^at the lines ET, XF are tangents to the para- 
bola. 
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81. With the orthocentre of a triangle as focus, two oonica 
are described touching a side of the triangle and having the other 
two sides as directrices respectively ; shew that their minor axes 
are equal. 

82. Conies have a focus and a pair of tangents common ; the 
corresponding directrices will pass through a fixed point, and all 
the centres lie on the same straight line. 

83. The focal distances of a point on a conic meet the curve 
again in Q,li; shew that the pole of (IR will lie upon the normal 
at the first point. 

84 The tangent at any point ii of a conic is cut by two 
other tangents and their chord of contact m B, 0, D ; shew that 
{ABDO) is harmonic. 

85. PQ is the chord of a conic having its pole on the chord 
AB, (or AB produced); Qq la drawn parallel to AB meeting the 
conic in 2; shew that Pq bisects the chord AB. 

86. Prove that with a given point as focus, four conies can 
be drawn circumscribing a given triangle, and that the sum of 
the latera recta of three of them will equal the latus rectum of 
the fourth. 

If the sides of the triangle subtend equal angles at the given 
point one of the conies will touch the other three. 

87. Two parabolas have a common focus 8; parallel tangents 
are drawn to them at P and Q intersecting the common tangent 
in P' and Q^; prove that the angle PSQ is equal to the angle 
between the axes, and the angle P'SQ' is supplementary. 

Deduce the reciprocal Theorem for two circles. 

88. Two circles can be reciprocated into a pair of confocal 
conies. 

89. A system of coaxal circles can be reciprocated into a 
system of confocal conies. 

40. ABO is a given triangle, S a given point ; on BO, CA, 
AB respectively, points A', B\ & are taken, such that each of 
the angles ^^1', BSB^, CSO\ is a right angle. Prove that 
A', S, Cf Ue in the same straight line, and that the latera 
recta of the four conies, which have 8 for a common focus, and 
respectively touch the three sides of the triangles ABO, ABO", 
A'BC\ A' SO are equal to one another. 
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41. 8 If the foofis of a oonio; P» Q two pointi on it each 
that the angle P8Q is ooniUnt; through 8, 811, 8Ttiin diawn 
meeting the tangents at P, Q in i2, T reipeotively, and lo that 
the angles P8^ QST are oonstant; shew that RT aXwjB 
touches a oonio having the same focus and directrix as the 
original conic. 

42. OA, OB are common tangents to two conies having a 
common focus 8, OA, OB are tangents at one of their pointi 
of intersection, BD, AE tangents intersecting OA, OB, in JO, E, 
Prove that 8DE is a straight line. 

43. An hyperbola^ of which 8 is one focus, touches the sides 
of a triangle ^^C7; the lines 8 A, 88^ 80 are drawn, and also lines 
8D, 8E, 8F respectively perpendicular to the former three lines, 
and meeting any tangent to the curve in D, E, F; shew that the 
lines AD, BE, OP are concurrent. 

44. A rectangular hyperbola drcumscribes a triangle ABO ; 
if 2>, E, F be the feet of the perpendiculars from A, B, (7 on the 
opposite sides, the loci of the poles of the sides of the triangle 
ABO are the lines EF, FD, BE, 

45. Two common chords of a g^ven ellipse and a circle pass 
through a given point ; shew that the locus of the centres of all 
such oirdes is a straight line through the given point. 

46. If an hyperbola circumscribe an equilateral triangle, and 
have the centre of the droumscribing circle as focus, its eccen- 
tricity is the ratio of 4 to 8, and its latus rectum is one-third of 
the diameter of the circumscribiog circle. 

47. If a triangle is self-conjugate with respect to each of a 
series of parabolas, the lines joining the middle points of its 
sides will be tangents ; all the directrices will pass through 0, 
the centre of the circumscribing circle ; and the focal chords, 
which are the polars of 0, will all touch an ellipse inscribed in 
the given triangle which has the nine-point circle for its auxiliary 
circle. 



CHAPTER XI. 

THE CONSTRUCTION OF A CONIC FROM GIVEN 

CONDITIONS. 

212. It will be found that, in general, five conditions 
are sufficient to determine a conic, but it sometimes hap- 
pens that two or more conies can be constructed which 
will satisfy the given conditions. We may have, as given 
conditions, points and tangents of the curve, the directions 
of axes or coigugate diameters, the position of the centre, 
or any characteristic or especial property of the curve. 

Pbop. I. To construct a parabola, passing through 
three given points, and having the direction of its axis 
given. 

In this case the fact that the conic is a parabola is one 
of the conditions. 




Let P,Q,Ehe the given points, and let RE parallel 
to the given direction meet PQ in E. 
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IfEhe the middle point of PQ, R is the yertex of the 
diameter RE\ but, if not, bisecting PQ in F, draw the 
diameter through V and take A sach that 

A.V '. RE:: QV^ : QE.EP, 
Then A is the yertex of the diameter .^ V. 

If the point E do not fall between P and Q, A must 
be taken on the side of PQ which is opposite to R. 

The focus may then be found by taking A U such that 

QV^^^AV.AU, 

and by then drawing VS parallel to QF and taking ^^S^ 
equal to ^ 27. 

213. Prop. II. To deteribe a parabola through /our 
given points. 

First, let ABGD be four points in a given parabola, 
and let the diameter CF meet AD in F. 




Draw the tangents PT, Q 7" parallel to AD^ BC^ and 
the diameter QF meeting PTin F. 
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Then ED.EA : EC. EB 



EF* : E(P. 

Henoe the construction ; in EA take EF such that 

EF* : EC* :: ED.EA : EC.EB, 

then C!F is the direction of the axis, and the problem is 
reduced to the preoeding. 

If the point Fhe taken m AE produced, another para- 
bola can be drawn, so that, in general, two parabolas can 
be drawn through four points. 

214. This problem may be treated differently by help 
of the theorem of Art. (48), viz. ; 

If from a point 0, outside a parabola, a tangent OM, 
and a chord GAB be dravm, and if the diameter ME 
meet the chord in E, 

OE^^OA.OB. 




Let A^ B, C, D be the given points, and let Ey E'^ 
F^ F\ be so taken that 
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and 0F^=^ 0F^= OC OD. 

Then EF and E'F' are diameters, and E^L, tbe polar 
of 0, will meet i^^Pand E'F^ in M, N, the points of contact 
of tangents from 0, 

The second parabola is obtained by taking for diameters 
EF and BF. 

215. Pbop. III. Any conic passing through four 
points has a pair qf conjugate diameters parallel to the 
ojpes of the two parabolas which can he dravon through the 
four points. 




Let TP, TQ be the tangents parallel to OAB and 0(72), 
and such that the angle PTQ is equal to AOC, 

Then, if OE^=OA . OB and OF^=OC . OD, 
OE^ : OF^ ;: OA . OB : OC . OD 
:: TF^ : T^; 
.-. EF is parallel to PQ. 

Hence, if iZ and T be the middle points of EF and PQ, 
OB is parallel to TV; 

But taking OF' equal to OF, OR is parallel to EF', 

/. TF and PQ are parallel to EF' and ^/'j 

f.«. the conjugate diameters parallel to TF and PQ 
are parallel to the axes of the two parabolas. 



froftn. given Conditions, 
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216. Prop. IV. Having given a pair qf eof^ugate 
diameters^ PCP'^ BCJy^ it is required to constrttct the 
ellii 



In CP take E such that PE . PC= (7Z>», draw PF 
perpendicular to CD and take FC equal to FC, 




About CEC describe a circle, catting PF in G and G' ; 

then PG . PG' = PE . PC= CB", 

and GCG' is a right angle ; therefore CG and CG^ are the 
directions of the axes and their lengths are given by the 
relations, 

PG . PF^BC\ 
PG\PF^A(P. 
We may observe that, being the centre of the curcle^ 
AC^^ BC^^PF . PG+PF . PGt 
^2.PF.P0 
=2.PC.PN, 
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if iVbe the middle point of CE, 

= PC^ + PG.PE 

=cp*^cm 

If PE' be taken equal to PE in CP produced, and the 
game construction be made, we shall obtain the axes of an 
hyperbola having C7P, CD for a pair of conjugate semi- 
diameters. 

217. This problem may be treated also as follows. 
In PFy the perpendicular on CD, take 

PK=PK'=:CD, 

then PK^=PG.PG% 

and therefore K'GKG' is an harmonic range ; and GCG' 
being a right angle, it follows, Art. 181, that CG and CG' 
are the bisectors of the angles between CK and CK\ 

Hence, knowing CP and CD, G and G' are determined. 

218. Pbop. V. Having given the focus and three 
points of a conic, to find the directrix. 

Let A, B, C, S he the three points and the focus. 

Produce BA to i> so that 

BD : AD :: SB : SA, 

and CB to E, so that 

BE : CE :: SB : SC; 

then DE is the directrix. 

The lines BA, BCmsLj be also divided internally in the 
same ratio, so that four solutions are generally possible. 

Conversely, if three points Ay B, C and the directrix 
are given, let BA, BC meet the directrix in D and E; 
then S lies on a circle, the locus of a point, the distances of 
which from A and B are in the ratio of AD to DB, 

S lies also on a circle, similarly constructed with regard 
to BCE; the intersection of these circles gives two points, 
either of which may be the focus. 
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219. Pkop. VI. Having given the centre, the direc- 
tione of a pair qf conjugaie dtameten, and two points qf 
an ellipse, to describe the ellipse. 

If (7 be the centre, CA, CB the given directions, and 




P, Q the points, draw QMQ^ PLP' parallel to CB and 
CA, and make QfM=QM fundi P'L^PL. 

Then the ellipse will evidently pass through P' and Q^, 
and if CA, CB be the coigugate raidii, their ratio is given 
by the relation 

CA^ : CB* :: EP . EP^ : EQ , E(^, 

E being the poiut of intersection of P'P and Q^Q. 

Set up a straight line ND perpendicular to CA and 
such that 

NL^ : NP» :: EP.EP" \EQ. EQ!, 

and describe a circle, radius CD and centre C cutting CA 
in A, and take 

CB : CA :: NP : ND. 

Then AN.NA'^ND\ 

and PN* : AN. NA :: CB* : CA\ 

Hence CA, CB are determined, and the ellipse passes 
through P and Q. 
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220. Prop. YII. To describe a conic p€unng through 
a given point and touching two given straight lines in 
given points. 

Let OAf OB be the given tangents, A and B the points 
of contact, N the middle point of AB, 




M a 



Ist. Let the given point 2> be in ON; then, if 
ND=ODy the curve is a parabola. 

But if ND< ODf the curve is an ellipse, and, taking C 
such that OG . (7iV= CLI^, the point C is the centre. 

If ND > Oi> the curve is an hyperbola, and its centre 
is found in the same manner. 

2nd. If the given point be E^ not in ON^ draw GEF^ 
parallel to AB^ and make FL equal to EL^ 

Take ^ such that 

QK^^QE.GF, 

then AK produced will meet ON in 2>, and the problem 
is reduced to the first case. 

To justify this construction, observe that if DM be the 
tangent at D^ 

GE. GF : GA* :: DM^ : MA^ 

:: GK* : GA\ 

80 that GE.GF^GE^. 
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221. Peop. VIIL To draw a conic through Jive given 
points. 

Let AyBi C,D,Ehe the five points, and F the inter- 
section of DB, AB. 




Draw CG, Cff, parallel respectively to AB and ED and 
meeting ED, ABinO and H. 

If F and G fall between D and E, and F and ZTbe- 
tween A and ^, take GP in C769^ produced and HQ in Cj? 
produced, such that 

CG.GP : DG. GE :: AF. FB : DF. FE, 
and CH. HQ : AH. HB :: DF . FE : AF.FB\ 

Then, Arts. (86) and (129), P and Q are points in the 
conic. 

Also PC, AB being parallel chords, the line joining 
their middle points is a diameter, and another diameter is 
obtained from CQ and DE. 

If these diameters are parallel, the conic is a parabola^ 
and we fall upon the case of Prop. II. ; but if they inter- 
sect in a point O, this point is the centre of the conic, 
and, having the, centre, the direction of a diameter, and 

B. 0. s. 15 
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two ordinates of that diameter, we fidl upon the case of 
Prop. VI. 

The figure is drawn for the case in which the pentagon 
AEBCD is not re-entering, in which case the conic may be 
an ellipse, a parabola, or an hyperbola. 

If any one point fall within the quadrilateral formed by 
the other four, the curve is an hyperbola. 

In all cases the points P, Q must be taken in accord- 
ance with the following rule. 

The points Cy P, or C, Q must be on the same or dif- 
ferent sides of the points O, or H, according as the points 
2>, Ef or BfA Bre on the same or different sides of the 
];>oints G or H. 

Thus, if the point E be between D and F, and if G be 
between D and E^ and H between A and B, the points P 
and will be on the same side of O, and C, Q on the same 
side of ffy but if iJ fall outside A and B, C and Q will be 
on opposite sides of H. 

Remembering that if a straight line meet only one 
branch of an hyperbola, any parallel line will meet only 
one branch, and that if it meet both branches, any parallel 
will meet both branches, the rule may be established by 
an examination of the different cases. 

222. The above construction depends only on the ele- 
mentary properties of Oonics, which are given in Chapters 
I, II, III, and lY. For some further constructions we 
shall adopt another method depending on harmonic pro- 
perties. 

Fbop. IX. Having given two pairs qf lines OA, 0A\ 
and OB, OB^ to find a pair qf lines OC, 00\ which shall 
make with each of the given pairs an harmonic pencil 

This is at once effected by help of Art. (185). 

For, if any transversal cut the lines in the points c, a, &, 
</, h'j a\ the points c, cf are the foci of the involution, in 
which a, a' are conjugate, and also &, h\ the centre of the 
involution being the middle point of ccf* 
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223. Prop. X JIf two points and two tangents qf a 
conic be given, the chord qf contact intersects the given 
cJhord in one qf two fixed points* , 

Let OP, OQ be the given tangents, A and B the given 




points, and C the intersection ot AB and the chord of con- 
tact. 

Let OC be the polar of C, and let AB meet 0(7 in Z>, 

Then C is on the polar of 2>, and therefore DBG A is 
an harmonic range. 

Also, G being on the polar of G\ G'QGP is an harmonic 
range. 

Hence if two lines OG, OG' be found, which are har- 
monic with OAy OBy and also with OP, OQ, these lines 
intersect AB in two points G and 2>, through one of which 
the chord of contact must pass. 

Or thus, if the tangents meet ^^ in a and h, find the 
foci G and D of the involution AB, ah ; the chord of con- 
tact passes through one of these points. 

* I am indebted to Mr Worthington for much valuable assist- 
ance in this chapter, and especially for the constructions of 
Articles 223, 225, 226, and 229. 
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224. Pbop. XI. Having given three point$ and two 
tangents^ to find the chord qf contact. 

In the precediDg figure let OP, OQ be the tangents, 
and A^ByE the points. 

Find 0(7, 00' harmonic with OA, OB, and OP, 0Q\ 
also find OF, OO harmonic with OA, OE and OP, OQ. 

Then any one of the four lines joining Oor Dio For 
G^ is a chord of contact, and the chord of contact and 
points of contact being known, the case reduces to that of 
Art (220). 

Hence four such conies can in general be described. 

225. Prop. XII. To describe a conic, passing through 
two given points, and touching three given straight lines. 

Let AB, the line joining the given points, meet the 
given tangents QB, RP, PQ, in N, M, L. 




Find the foci 0, 2> of the involution A, B and L, M\ 

Then FZ, the polar of P, passes through O or D. Art 
223. 

Also find the foci, F, O, of the involution A, B, and 
M, N\ then XY, the polar of R, passes through F or 6r. 

Let ZX meet PR in T\ then T is on the polar of Q, 
and Q Fis the polar of T. 

Hence TX UZ is harmonic ; 

therefore MFVC is harmonic. 
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This determines F, and joining QV, we obtain the 
point of contact Y. 

Then, joining F(7and YFy Zand Xare obtained, and 
X, Y, Z being points of contact, we have five points, and 
,can describe the conic by the construction of Art. (221), or 
by that of Art. (228): 

Since either G or D may be taken with F or G, there 
are in general four solutions of the problem. 

226. Prop. XIII. To describe a conicy having given 
four points and one tangent. 

Let Ay By Cy D be the given points, and complete the 
quadrilateral 




Then iS^is the pole of FGy and if the given tangent KL 
meet FO in JT, E is on the polar of iT; therefore the other 
tangent through K forms an harmonic pencil with KF, 

•£Ljjy KJE, 

Hence two tangents being known, and a point E in the 
chord of contact, if we find two points P, P' in Ay B, such 
that KP, KP' are harmonic with KAy KBy and also with 
KLy KUy we shall have two chords of contact EPy EP^y 
and therefore two points of contact for KL and also 
for KL\ 

Hence two conies can be described. 

We observe that if two conies pass through four points, 
their common tangents meet on one of the sides of the self- 
conjugate triangle EFG. 
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227. Prop. XIV. Given four tangenU and wm pointy 
to construct the conic. 

Let ABCD be the giTen drcumscribing qnadrilateraly 
and i?the given point Completing the figure, draw LEF 




through j^and F^ and complete the harmonic range LEFB\ 
then, since F is the pole of HG^ Art. (197), £' is a point in 
thecoma 

Also since JSTis the pole of FA^ Art. 199> the chord of 
contact of the tangents AB^ ADy passes through JT. 

Hence the construction is the same as that of Art 226, 
and there are two solutions of the problem. 

228. Prop. XY. Qiten Jive points, to construct the 
conic. 

Let Ay B, Cj A B be the five points, and complete the 
quadrilateral ABCD. 

Then H is the pole of FG, and FG passes through the 
points of contact P, Q of the tangents from H. 

Join HEj cutting FG in iT, and complete the harmonic 
range HEKE'\ then E' is a point in the conic. 

Also AEy BE' will intersect FG in the same point F\ 
and E'Ay EB will also intersect FG in the same point G\ 
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But GPFQ and O'PF'Q are both harmonic ranges, 
therefore P and Q are the foci of an involntion of which 
F, O and F\ O' are pairs of coiyugate points. 




Hence, finding these foci, P and Q, the tangents HP, 
HQ are known, and the case is reduced to that of Prop. VI I. 

Hence only one conic can be drawn through five points. 

229. Prop. XVI. Oiemf/oe tangents, to find the points 
qf contact. 

Let ABODE be the circumscribing pentagon. Con- 




sidering the quadrilateral FBCD, join FC, BD meeting 
inK. 
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Then, (Axt 199), K is the pole of the line joining the 
intersections of FB, CD, and of FD, BG ; that is, the 
chords of contact of BF, CD, and of BC^ FD meet in K, 

Similarly if BG, A G meet in L, the chords of contact of 
AB, CO, and of BG, AG meet in L. 

Henoe KL is the chord of contact of AB, CD, and 
therefore determines M, iV the points of contact. 

Hence it will be seen that only one conic can be drawn 
touching five lines. 



CHAPTER XII. 

THE OBLIQUE CYLINDER, THE OBLIQUE CONE. 

AND THE CONOIDS. 



230. Dev. If a straight line, which is not perpendi- 
cular to the plane of a given circle, move parallel to itself, 
and always pass through the circumference of the circle, 
the surface generated is called an oblique cylinder. 

The line through the centre of the circular base, parallel 
to the generating lines, is the axis of the cylinder. 

It is evident that any section by a plane parallel to the 
axis consists of two parallel lines, and that any section by 
a plane parallel to the base is a circle. 

The plane through the axis perpendicular to the base 
is the principal section. 

The section of the cylinder by a plane perpendicular 
to the principal section, and inclined to the axis at tlie 
same angle as the base, is called a subcontrary section. 

231. Prop. I. The subcontrary section qf an oblique 
cylinder is a circle. 

The plane of the paper being the principal plane and 
APB the circular base, a subcontrary section is DPE, the 
angles BAE, DBA being equal 

Let PQ be the line of intersection of the two circles ; 

then PN . NQ or PN^=BN . NA. 
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But NB^ND.mdNA^NBi 




A PN. NQ^DN. NE, , 
and DPE is a circla 

232. Pbop. IL Ths 9ecti(m qf an Mique cylinder 
a plane which i$ not parallel to the hate or to a ruboonr 
trary section i$ an eUipte. ^ ^^ *- v^^-^ '^vt '^^-^^^x^*^* 

Let the plane of the section, DPE, meet any drcolar 
section in the line PQj and let ^^ be that diameter of the 




circular section which is perpendicular to PQ, and bisect 
PQ in the point F. 

Let the plane through the axis and the line^iS cut the 
section DPE in the line DFE. 



Then 



PF^^AF. FB, 
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But if 2> J? be bisected in C, and OKC bo the dicalai* 
section through C parallel to APB^ 

AF : FD :: CG : CD, 

and FB : FB :: CG : CD; 




.\ AF. FB : DF. FE :: CG^ : CD* ; 

hence, observing that CG=CK, 

PF^ : DF. FE :: CK* : CD\ 

But^ if a series of parallel drcular sections be drawn, 
PQ is always parallel to itself and bisected by DE ; 

Therefore the curve DPE is an ellipse, of which CD, 
CK are conjugate semi-diameters. 

233. Def. If a straight line pass always through a 
fixed point and the circumference of a fixed circle, and if 
the fixed point be not in the straight line through the 
centre pf the circle at right angles to its plane, the surfacjO 
generated is called an oblique cone. 

The plane containing the vertex and the centre of the 
base, and also perpendicular to the base, is called the prin- 
cipal section. 

The section made by a plane not parallel to the base, 
but perpendicular to the principal section, and inclined to 
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the generating lines in that section at the same angles as 
the base, is called a snbcontraiy sectioa 

234. Pbop. IIL The mbcontrary section qf an ob- 
Hque cone u a circle. 

The plane of the paper being the principal section, let 




APB be parallel to the base and DPS a subcontrary sec- 
tion, so that the angle 

ODE= OAB, 

and OED=OBA, 

The angles DBA^ DEA being equal to each other^ a 
circle can be drawn through BDAE, 

Hence, if PNQ be the line of intersection of the two 
planes, 

DN.NE^BN.NAi 

=PN.NQ; 

therefore DPE is a circle. 

And all sections by planes parallel to DPE are circles. 

Planes parallel to the base, or to a subcontrary sec- 
tion, are called also Cyclic Planes, 
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235. Pbop. IV. The iecHon qf a cone by a plane not 
parallel to a eydie plane is an EUipse^ Parabola^ or Hy^ 
perbola, 

(1) Lot the section, DPB, meet all the generating 
lines on one side of the vertex. 




Let any circular section cut DPE in PQ, and take 
AB the diameter of the circle which is at right angles to, 
and bisects PQ. 

The plane OAB will cut the plane of the section in a 
line DNE. 

Draw OIT parallel to DE and meeting in JT the plane 
of the circular section- through D parallel to APB, and 
join DK, meeting OE in F, 

Then AN : ND :: KD : OK, 

and BN : NE :: KF : 0K\ 

therefore AN.NB : DN . NE :: KD . KF: OK^, 

or PN^ : DN. NE :: KD.KF \ OK^. 

But if a series of circular sections be drawn the linee 
PQ will always be parallel, and bisected by DE\ 
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Therefore the carve DPE is an ellipse, baring DE for 
a diameter, and the oonjugate diameter parallel to PQ^ 
and the squares on these diameters are in the ratio of 
KD.KFUiOK^. 

(2) Let the section be parallel to a tangent pUne of 
the cone. 

If OB be the generating line along which the tangent 
plane touches the cone, and BT the tangent line at ^ to a 




circnlar section through B, the line of intersection PQ 
will be parallel to ^7*, and therefore perpendicular to the 
diameter BA through B. 

Let the plane BOA cut the plane of the section in DN. 

Then drawing DK parallel to AB, 

BN=KD, 
and AN : ND :: KD : OK-, 

therefore AN. NB i ND . KD :: KD : OK, 
or PN^ iND.KD :: KD : OK, 

and KD, OK being constant, the curre is a parabola 
haying the tangent at D parallel to PQ, 
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If the plane of the section meet both branches of the 




cone, make the same construction as before^ and we shall 
obtain, in the same manner as for the ellipse, 

Pm : DN. NE :: DK , KF : 0^, 

0^ being parallel to DR, 

Therefore, since the point N is not between the points JL^-^^*^ 
Z> and JS; the curve Z)P is.an hyperbola. \ '"^wX <r^^*^^^ 

236. Dep. If a conic revolve about one qf its princi- 
pal axes, the surface generated is called a conoid. 

If the conic be a circle, the conoid is a sphere. 

If the conic be an ellipse, the conoid is an oblate or a 
prolate spheroid according as the revolution takes place 
about the conjugate or the transverse axis. 

If it be an hyperbola the surface is an hyperboloid of 
one or two sheets, according as the revolution takes place 
about the conjugate or transverse axis, and the surface 
generated by the asymptotes is called the asymptotic cone. 

If the conic consist of two intersecting straight lines, 
the limiting form of an hyperbola, the revolution will be 
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about one of the lines bisecting the angles between them, 
and the conoid will then be a right circular cone. 

237. Prop. V. A section of a paraboloid by a plane 
parallel to the axis is a parabola equai to the generaiing 
parabola^ and any other section not perpendicular to the 
cuds is an 



Let PFiVbe a section parallel to the axis, and take 




the plane of the paper perpendicular to the section and 
cutting it in VN, 

Take any circular section DPE, cutting the section 
PVN'mPNr. 

Then PN\a perpendicular to DE, 
and PN^^DN.NE 

^^S.AG-^AS.An 
^4AiS. VN; 
therefore the curve FP is a parabola equal to EAD, 

Again, let BPF be a section not parallel or perpendi- 
cular to the axis, but perpendicular to the plane of the 
paper; 
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Then, BN . NF=4JSG . FiV, OG being the diameter 
bisecting ^jP; 

therefore PN^ : BN.NF :: AS : SG, 

and the curve BPN is an ellipse. 

Moreover if the plane BF move parallel to itself, SG 
is unaltered, and the sections by parallel planes are simi- 
lar ellipsesi 

In exactly the same manner, it may be shewn that the 
oblique sections of spheroids are ellipses, and those of hy- 
perboloids either ellipses or hyperbolas. 

238. Prop. VI. The sections of an hyperholoid and 
its asymptotic cone by a plane are similar curves. 

Taking the case of an hyperboloid of two sheets, let 
DPF, dP'f, be the sections of the hyperboloid and cone. 



J] B 




P'PN the line in which their plane is cut by a circular bg^ 
Hon GPK or gP'k. 

Through 2) draw LDl perpendicular to the axis ; theui 
%mce PN^=^GN.Nir, 

B. G. S. 16 
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and P'N^^gN.Nk, 

P'N^ : dN. Nf :: gN . Nk : dN . Nf, 

:: LDAD : Dd . Df, 

:: BC^ : CE^ 
if CE be the semidiameter parallel to DF\ 
and Pm : DN . NF :: GN . NK : 2>iV. NF 

:: jB(72 : CJS?*; 

therefore the curves DPF, dFf have their axes in the 
same ratio, and are similar ellipses. 

In the same manner the theorem can be established if 
the sections be hyperbolic, or if the hyperboloid be of one 
sheet. 

239. Prop. VII, If an hyperboloid of one sheet he 
cut by a tangent plane of the asymptotic cone, the section 
vnll consist qf ttco parallel straight lines. 

Let AQ, AQ! be a section through the axis, CN the 
generating line, in the plane AQ^ along which the tangent 



w 






^i^^^^f^^ Jir X 


^ S^^Vv 


¥ 


--7 


A.--^x^ 


^ 





plane touches the cone ; and PNP' the section with this 
tangent plane of a circular section QPQf. 

Then PN^=QN . NQ: 

=AC\ Art. (102) ; 

therefore if BCR be the diameter, perpendicular to the 
plane CAQ, of the principal circular section, 

PN=BC and P'N^RC; 
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therefore PB and P^Bf are each parallel to CNi that is, 
the section consists of two parallel straight lines. 

240. Paop. VIII. The section qf an hyperbdoid qf 
one sheet by a plane parallel to its axis, and touching the 
central circular section, consists qftwo straight lines. 

Let the plane pass through A, and be perpendicular to 
the radius CA of the central section ; fig. Art (239). 

The plane will cut the circular section QPQf in a line 
RLR, and 

RU^qL . L<^^QM^--AC\ 

if ilf be the middle point of QQf, 

But QM^-AC^ : CM^ :: AG^ : BC^', 

therefore RL : AL :: AC : BC; 

hence it follows that AR is a fixed line j and similarly AR' 
is also a fixed line. 

It will be seen that these lines are parallel to the sec- 
tion of the cone by the plane through the axis perpendicu- 
lar to CA. 

241. Prop. IX J[f a conoid he cut by a plane^ and 
if spheres be inscribed in the conoid touching the plane, 
the points of contact qf the spheres with the plane wUl 
be the foci qf the section, and the lines qf intersection 
qfthe planes qf contact with the plane qf section vnll be 
the directrices. 

In order to establish this statement, we shall first 
demonstrate the following theorem ; 

If a circle touch a conic in two points, the tangent 
from any point of the conic to the circle bears a constant 
ratio to its distance from the chord oj contact. 

Take the case of an ellipse, the chord of contact being 
perpendicular to the transverse axis. 

If JEMJS^ be this chord, the normsd EG is the radius of 
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the circle, and if PT be a tangent from a point P of tlie 
ellipse, 

PT*=PG^-GE^ 

^PN^-^NG^-EM^-MG^. 




But EM^-Pm : CN^-CM^ :: BG^ : -4(7, 

and (7iVa- CM^=MN{CM+ CN). 

Let the normal at P meet the axis in G'; 
then i^G^' : CN :: -BO2 : AC^ 

and iJf6? : CM :: BC^ : AC*; 

therefore NG'+MG : CN+CM :: ^C^ : ^(7«. 

Hence EM*-PN^=MN{NG'+MG). . 

Also NG*-MG^=MN{NG-^MG); 
therefore PT^==MN{NG-^MG)-MN{NG'-^MG) 

=:MN.GG'. 

But (7(y : CMmSC^ : ^C*, 
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and CG' : CN :: SC^ : AC^; 

thei-efore GG' : MN :: SC^ : AC*. 
Hence PT« ; PL* :: ^C7» : A0\ 
PL being equal to MN. 

This being established let the figure revoWe round the 
axis AGy and let a plane section ap of the conoid, per- 
pendicular to the plane of the paper, touch the sphere at S 
and cut the plane of contact EE^ in Ik. 

From a point p of the section let fall the perpendi- 
cular pm on the plane EE\ draw mk perpendicular to Iky 
and join pk. 

Then pm : pkiaa. constant ratio. 

Also taking the meridian section through p, pS is 
equal to the tangent from p to the circular section of the 
sphere, and is therefore in a constant ratio to pm ; 

Hence Sp is to pk in a constant ratio, 

and therefore S is the focus and kl the directrix of the 
section ap. 

242. If the curve be a parabola focus S', the proof is as 
follows : 

PT^=PG^-EG^ 

^PN*^NG^-EM^-MG^ 

=:MN(NG-^MG)-4AS' . MN 
= MN{NG'\-MG)-2MG . MN 
^MN\ 

It will be found that the theorem is also true for an 
hyperboloid of two sheets, and for an hyperboloid of one 
sheet, but that in the latter case the constant ratio oi PT 
to PL is not that of SC to AC. 

243. The geometrical enunciation of the theorem also 
requires modification in several cases. To illustrate the 
difficulty, take the paraboloid, and observe that if the 
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normal at E cuts the axis in G, and if be the centre of 
curvature at A^ 

AG^AO, 

and the radius of the circle is never less than AO, 

This shews that a circle the radius of which is less than 
AO cannot be drawn so as to touch the conic in two points. 

We may mention one exceptional case in which the 

theorem takes a simple form. 

♦ 

In general 

EG^=EM*+MG*=4ASr (AM-^ AST) 
=4AS'.S'G. 

Taking the point g between S^ and 0, describe a circle 
centre g and such that the square on its radius = 4AS^ . S'g* 

Also take a point F in the axis produced such that 

AF^Og; 

it will then be found that the tangent from P to the circle 
will be equal to NF. 

When g coincides with S", the circle becomes a point, 
and AF=AS'; 

we thus fall back on the fundamental definition of a para- 
bola. 

It will be found that if the plane section of the conoid 
pass through S', the point S^ iaa focus of the section. 
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244. Jf a circle roll on the inside qf the drcumfer' 
ence qf^ circle of double its radius^ any point in the area 
<^the rolling circle traces out an eUipse, 

Let C be the centre of the rolling circle, E the point of 
contact. 




Then, if the circle meet in Q a fixed radius OA of the 
fixed circle, the angle ECQ is twice the angle EOA and 
therefore the arcs EQ, EA are equal. 

Hence, when the circles touch at A^ the point Q of the 
rolling circle coincides ¥dth Aj and the subsequent path of 
Q is the diameter through A, 

Let P be a given point in tho given radius CQ, and 
RPN perpendicular to OA ; 

Then, OQE being a right angle^ EQ is parallel to RP 
and therefore CR^CP^ and OR is constant 
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Also FN : RN :: PQ : OR; 

therefore, the locos of B being a circle, the locas of P is 
an ellipse, whose axes are as PQ : OB. 

But OB is clearly the length of one semi-axis, and PQ 
or OB' is therefore the length of the other, OB, OR being 
equal to 0C+ CP and OC-CP. 

246. Properties of the ellipse are dedudble from this 
construction. 

Thus, as the circle rolls, the point E is instantaneously 
at rest, and the motion of P is therefore at right angles to 
EP, i.e. producing EP to jP, in the direction FO, 

Therefore, drawing PT parallel to OF, PT is the tan- 
gent, and PF the normal. 

A circle can be drawn through EPQT since EPT^ 
EQTare right angles ; but the circle through QPE clearly 
passes through B; therefore the angle OBT is a right 
angle, and , 

ON : OB :: OB : OT, 

or ON.OT=OB^y 

a known property of the tangent 

Again if PF meet OQ in G, the angles PQG, PFQ 
are equal, being on equal bases EQ, OQ! \ 

therefore PO : PQ :: PQ : PF, 

or PG.PF=PQ'=OB'^, 

a known property of the normal 

246. A given straight line has its ends moveable on 
two straight lines at right angles to each other; the path 
of any given point in the moving line is*an ellipse. 

Let P be the point in the moying line AB, and C the 
middle point oiAB. 

Let the ordinate NP, produced if necessary, meet 00 
in Q; then CQ=CP and OQ is equal to AP, so that tiio 
locus of Q is a circle. 



Also 
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PN : QN :: PB : OQ 
:: PB : PA\ 
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therefore the looas of P is an ellipse, and its semi-axes are 
equal to AP and BP, 

247. The theorem of Art. 244 is at once reducible to 
this case, for QPQ being a diameter of the rolling circle is 
of constant length, and the points Q and Q move along 
fixed straight lines at right angles to each other ; the locus 
of P is therefore an ellipse of which Q'P and PQ are the 
semi-axes. 



248. From this construction also properties of the 
tangent and normal are deducible. 

Complete the rectangle OAEB ; then, since the direc- 
tions of motion of A and B are respectively perpendicular 
to EA and EB, the state of motion of the line AB may be 
represented by supposing that the triangle EAB is turning 
round the point E. 

Hence it follows that EP is the normal to the locus of 
P and that P2^ perpendicular to EP is the tangent. 
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Let OF parallel to PT meet EP in F; then since a 
circle can be drawn through OFBE, 

the angle PFB=FOB=P£G, 

and the triangles PGB, PFB are similar. 

Hence PG : PB :: PB : PF, 

or PG.PF=PB^, 

where P^ is equal to the semi-coiyugate axis; and, simi- 
larly, by joining AF, it can be shewn that Pg.PF^AP^^ 
g being the point of intersection of PG and AG, 

Again, a circle can be drawn round EQPB, and, since 
EPT, EBTare right angles, T^is on this circle, and there- 
fore TQE is a right angle. 

Hence OQN, and OQT'are similar triangles, and 
ON : OQ :: OQ : OT, 
or ON. OT=AP^, 

where AP is equal to the semi-transverse axis. 

249. Observing that the circle circumscribing the rect- 
angle passes through F^ we have 

* PF.PE=AP.PB; 

hence Pi^is equal to the semi-diameter conjugate to OP. 

This suggests another construction for the problem 
solved in Art (216). 

Thus, if OPf OD be the given semi-conjugate diameters, 
draw PP perpendicular to 02>, and jn FP produced, take 
PE equal ta OD. 

Join OE^ bisect it in C, and take CQ equal to CP; 

then OAy OB drawn parallel and perpendicular to P$, 
and meeting CP in A and J9, will be the directions of the 
axes, and their lengths will be equal to AP and PB. 

250. Xfa given triangle AQB move in its own plane 
so that the extremities A, B, qf its base AB move on ttoo 
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Jixed straight lines at right angles to eccch other ^ the path 
qf the point Qisan ellipse. 




A 

If be the point of intersection of the fixed lines, and 
C the middle point of AB, 

the angles COB, CBO are equal, 

so that) as AB slides, the line CB, and therefore also the 
line CQy turns round as £Ewt as CO, but in the contrary 
direction. 

Produce 0(7 to P, making CP=CQ', then the locus of 
P is a circle radius 0C+ CQ. 




O h N X 

There is clearly one position of AB for which Uie points 
0, C7, and Q are in one straight Una 

Let OX be this straight line, and let 0C7, CQ, be any 
other corresponding positions of the lines ; 

then, if CE is parallel to OX, CE bisects the angle PC7Q, 

and, drawing PQiV and CL perpendipular to OX, 

QN=CL-PE, PN=CL+PE, 

hence QN : PN :: 00- CP : 0C-{- CP 

:: OC-CQ : OC+CQ, 
and .'. the locus of Q is an ellipse of which the semi-axes 
are 00+ CQ and OC- CQ. 



MISCELLANEOUS PROBLEMS. 

1. On a plane field the crack of the rifle and the thud of 
the ball striking the target are heard at the same instant; find 
the locus of the hearer. 

2. PQ, P'Q! are two focal chords of a parabola, and PR, 
parallel to P'Q,', meets in Jt the diameter through Q; prove that 

PQ,P'Q!=PJt^. 

8. OP and CD are conjugate semi-diameters of an ellipse ; 
PQ is a chord parallel to one of the axes ; shew that DQ is 
parallel to one of the straight lines which join the ends of the 
axes. 

4. A line cuts two concentric, similar and similarly situ- 
ated ellipses in P, Q, q, p. If the line move parallel to itself, 
PQ . Qp is constant. 

5. If the ordinate NP of a conic be produced so that 
NQ=^SP, find the locus of Q. 

6. If a circle be described passing through any point P of 
a given hyperbola, and the extremities of the transverse axis, 
and the ordinate NP be produced to meet the circle in Q, the 
locas of Q is an hyperbola. 

7. PQ is one of a series of chords inclined at a constant 
angle to the diameter AB ot & circle; find the locus of the inter- 
section of AP, BQ, 

8. If from a point T in the director circle of an ellipse, 
tangents TP, TP' be drawn, the line joining T with the inter- 
section of the normals at P and P^ passes through the centre. 

9. The points, in which the tangents at the extremities of the 
transverse axis of an ellipse are cut by the tangent at any point 
of the curve, are joined, one with each focus ; prove that the point 
of intersection of the joining lines lies in the normal at the point. 

10. Having given a focus, the eccentricity, a point of the 
curve, and the tangent at the point, shew that in general two 
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■ conies can be described. If the eccentricity be less than unity, 
shew that there are two positions of the tangent for which only one 
conic can be described, and if the eccentricity be equal to unity, 
describe the form assumed by one of the parabolas. 

11. A parabola is described with its focus at one focus of a 
given central conic, and touches the conic; prove that its directrix 
will touch a fixed circle. 

12. The extremities of the latera recta of all conies which 
have a common transverse axis lie on two parabolas. 

13. OP, OQ, touch a parabola at the points P, Q\ another 
line touches the parabola in R, and meets OP, OQ'm S, T ', \f V 
be the intersection of the lines PT, 8Q, 0, H, V are in a straight 
line. 

14. On all parallel chords of a circle a series of isosceles tri- 
angles are described, having the same vertical angle, and having 
their planes perpendicular to the plane of the circle. Find the 
locus of their vertices ; and find what the vertical angle must be 
in order that the locus may be a circle. 

15. A series of similar ellipses whose major axes are in the 
same straight line pass throagh two given points. Prove that 
the major axes subtend right angles at four fixed points. 

16. From the centre of two concentric circles a straight line 
is drawn to cut them in P and Q ; through P and Q straight 
lines are drawn parallel to two given lines at right angles to each 
other. Shew that the locus of their point of intersection is an 
ellipse. 

17. A circle always passes through a fixed point, and cuts a 
given straight line at a constant angle, prove that the locus of 
its centre is an hyperbola. 

18. The area of the triangle formed by three tangents to a 
parabola is equal to one half that of the triangle formed by joining 
the points of contact 

19. If a parabola touch the sides of a triangle its directrix 
passes through the orthocentre. 

20. 8 and H being the foci, P a point in the ellipse, if ffP 
be bisected in L, and ALhe drawn from the vertex cutting SP 
in Q, the locus of Q is an ellipse whose focus is 8. 
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21. If the diagonal of a quadrilateral circumscribiog an 
ellipse meet in the centre the quadrilateral is a parallelogram. 

22. A aeries of ellipses pass through the same point, and 
have a common focus, and their major axes of the same length ; 
prove that the locus of their centres is a circle. What are the 
limits of the ecceotricities of the ellipses, and what does the 
ellipse become at the higher limit ? 

23. If <S, ^ be the foci of an hyperbola, LL' any tangent 
intercepted between the asymptotes SL . HL—CL . LL* 

24. Tangents are drawn to an ellipse from a point on a 
similar and similarly situated concentric ellipse; shew that if 
P, Q be the points of contact, Ay A' the ends of the axis of the 
first ellipse, the lod of the intersections of AP^ A'Q, and of AQ, 
A'P are two ellipses similar to the given ellipses. 

25. Draw a parabola which shall touch four given straight 
lines. Under what condition is it possible to describe a parabola 
touching five given straight lines ! 

26. A fixed hyperbola is touched by a concentric ellipse. If 
the curvatures at the point of contact are equal the area of the 
ellipse is constant. 

27. A circle passes through a fixed point, and cuts off equal 
chords A£, CD from two given parallel straight lines ; prove 
that the envelope of each of the chords AD, BO is a central conio 
having the fixed point for one focus. 

28. Four points A, B, C, D, are taken, no three of which lie 
in a straight line, and joined in every possible way ; and with 
another point as focus four conios are described touching respec- 
tively the sides of the triangles ABO, BOD, ODA, DAB; prove 
that the four conies have a common tangent. 

29. PQ is any chord of a parabola, cutting the axis in X, 
R, R are the two points in the parabola at which this chord 
subtends a right angle : if RR be joined, meeting the axis in L\ 
LL' will be equal to the latus rectum. 

80. If the internal and external bisectors of the angle be- 
tween two tangents to a central conic meet the transverse axia 
in and T, shew that 00, OT is constant. 

81. Three chords of a^ circle pass through a point on the 
circumference ; with this point as focus and the chords as axee 
three parabolas are described whose parameters are inversely 
proportional to the chords ; prove that the common tangents to 
the parabolas, taken two and two, meet in a pointi 
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82. If PQ, pg, the normals at the ends of a focal chord, 
intersect in 0, the straight line through parallel to Pp bisects 
Gq. 

83. "With the orthooentre of a triangle as centre are described 
two ellipses, one drcamscribing the triangle and the other touch- 
ing ltd sides ; prove that these ellipses are similar, and their homo- 
logous axes at right angles. 

84. An ellipse and a parabola, whose axes are parallel, have 
the same curvature at a point P and cut one another in Q; if the 
tangent at P meets the axis of the parabola in T, prove PQ is equal 
to four times PT, 

85. ABCD is a quadrilateral, the angles at A and C bdng 
equal ; a conic is described aboilt ABCD so as to touch the cir- 
cumscribing circle of ABQ at the point B\ shew that BD is a 
diameter of the conic 

86. The volume of a cone out off by a plane bears a con- 
stant ratio to the cube, the edge of which is equal to the minor 
axis of the sedtion. 

87. A tangent to an ellipse at P meets the minor axis in t^ 
and <Q is perpendicular to SP\ prove that SQ, is of constant 
length, and that if PM be the perpendicular on the minor axis, 
QM will meet the major axis in a fixed point. 

88. Describe an ellipse with a given focus touching three 
given straight lines, no two of which are parallel and on the 
same side of the focus. 

89. Prove that the conic which touches the sides of a tri« 
angle, and has its centre at the centre of the nine-point circle^ 
has one focus at the orthocentre, and the other at the centre of 
the circumscribing circle. 

40. From Q the middle point of a chord PP* of an ellipse 
whose focus is 5, QQ is drawn perpendicular to PP' to meet the 
major axis in Q-, prove that 2.SG i SP+SP' :: SA : AX. 

41. An ellipse and parabola have the same focus and direc- 
trix ; tangents are drawn to the ellipse at the extremities of the 
major axis: shew that the diagonals of the quadrilateral formed 
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by the four points wbere these tangents cut the parabola inter- 
sect in the common focus, and pass through the extremities of 
the mioor axis of the ellipse. 

42. A straight rod moves in any manner in a 'plane ; prove 
that, at any instant, the directions of motion of all its particles 
are tangents to a parabola. 

43. If from a point T on the auxiliary circle, two tangents 
be drawn to an ellipse touching it in P and Q, and when pro- 
duced meeting the circle again in |>, q; shew that the angles 
PSp and Q8q are together equal to the supplement of PTQ* 

44. Tangents at the extremities of a pair of conjugate dia- 
meters of an ellipse meet in T; prove that ST^ 8'T meet the 
conjugate diameters in four points which lie on a circle. 

45. From the point of intersection of an asymptote and a 
directrix of an hyperbola a tangent is drawn to the curve, prove 
that the line joining the point of contact with the focus is parallel 
to the asymptote. 

46. If a string longer than the circumference of an ellipue be 
always drawn tight by a pencil, the straight portions being tan- 
gents to the ellipse, the pencil will trace out a confocal ellipse. 

47. D is any point in a recfcangalar hyperbola from which 
chords are drawn at right angles to each other to meet the curve- 
If P, Q be the middle points of these chords, prove that the circle 
circumscribing the triangle PQD passes through the centre of the 
hyperbola. 

48. At any point of a conic the chord of curvature through 
the centre is to the focal chord parallel to the tangent as the major 
axis is to the diameter through the point. 

49. From a point T in the auxiliary circle tangents are 
drawn to an ellipse, touching it in P and Q, and meeting the 
auxiliary circle again in p and q ; shew that the angle pCq is 
equal to the sum of the angles PSQ and PS^^ 

50. The angle between the focal distance and tangent at 
any point of an ellipse is half the angle subtended at the focus by 
the diameter through the point. 
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51. Tangents to an ellipse, foci 8 and B^ at the ends of a 
focal chord PHP' meet the farther directrix in Q, Q\ The para- 
bola, whose focus is 8, and directrix PP\ touches PQ, P'Q\ in 
Qf Q'; it also touches the normals at P, P', and the minor axis, 
and has for the tangent at its vertex the diameter parallel to 
PP". 

52. 5 is a fixed point, and E a point moving on the arc of a 
{^ven circle ; prove that the envelope of the straight line through 
£ at right angles to SS is a conic. 

63. A circle passing through a fixed point 8 cuts a fixed 
circle in P, and has its centre at 0; the lines which bisect the 
angle 80P all touch a conic of which iSf is a focus. 

54. If a chord RPQV meet the directrices of an ellipse in 
R and V, and the circumference in P and Q, then RP and QV 
subtend, each at the focus nearer to it, angles of which the sum 
is equal to the angle between the tangents at P and Q. 

56. The tangent to an ellipse at P meets the directrix, cor- 
responding to 8, in Z: through Z a straight line ZQR is drawn 
cutting the ellipse in Q, R; and the tangents at Q, £ intersect 
(on 8P) in T, Shew that a conic can be described with focus 8, 
and directrix PZ, to pass through Q, R and T; and that TZ 
will be the tangent at T. 

66. A sphere is described about the vertex of a right cone 
as centre ; the latera recta of all sections made by tangent planes 
to the sphere are equal. 

57. TP, TQ are tangents to an ellipse at P and Q; one 
circle touches TP at P and meets TQ in Q and Q', another 
touches TQ at Q and meets TP in P and P'; prove that PQf and 
QP' are divided in the same ratio by the ellipse. 

68. Two tangents are drawn to the same branch of a rectan- 
gular hyperbola from an external point; prove that the angles 
which these tangents subtend at the centre are respectively equal 
to the angles which they make with the chord of contact. 

59. If the normal at a point P of an hyperbola meet the minor 
axis in g, Pg will be to £j^ in a constant ratio. 

a C. s. 17 
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60. A parabola, fbous S, toachM the three eulee of a triangle 
ABCy bieecting the baee BOin J); proye that ^iSf is a fourth pro- 
portional to AD, AB, and AC 

61. An ordinate NP of an ellipse ie prodnoed to meet the 
auxiliary circle in Q. and normals to the ellipse and circle at 
P and Q meet in R ; EK, RL are drawn perpendicular to the axes ; 
prove that KPL is a straight line, and also that KP^BO and 
LP^AC. 

62. If the tangent at any point P cut the axes of a conic, 
produced if necessary, in T and T^ and if (7 be the centre of the 
curve, prove that thQ area of the triangle TCT' varies inversely 
as the area of the triangle PCN, where PNiM the ordinate of P. 

68. The circle of curvature of an ellipse at P passes through 
the focus 8, SM is drawn parallel to the tangent at P to meet 
the diameter of the ellipse in M; shew that it divides this dia- 
meter in the ratio of 8 : I. 

64. Prove the following ocmstruotion for a pair of tangents 
from any external point T to an ellipse of which the centre is Ci 
join or, let TPCP'T a similar and similarly situated ellipse be 
drawn, of which CT is a diameter, and P, P its points of inter- 
section with the given ellipse; TP^ TP' will be tangents to the 
given ellipse. 

65. An ellipse and confocal hyperbola intersect in P : prove 
that an asymptote of the hyperbola passes through the point on 
the auxiliary circle of the ellipse corresponding to P. 

66. Through a fixed point a pair of chords of a circle are 
drawn at right angles : prove that each side of the quadrilateral 
formed by joining their extremities envelopes a conic of which 
the fixed point and the centre of the circle are focL 

67. A conic section is circumscribed by a quadrilateral 
ABOD: A la joined to the points of oontact of CB, CD ; and C 
to the points of contact of AB, AD : prove that BD is a diago- 
nal of the interior quadrilateral thus formed. 

68. Any conic passing through the four points of intersec- 
tion of two rectangular hyperbolas will be itself a rsctangnlar 
hyperbola. 
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69. A focal chord PSQ is drawn to a conic of which O is 
the centre; the taogents and normals at P and Q intersect in T 
and £ respectively; shew that ST, SP, SK, 8€ form an harmo- 
nic pencil. 

70. POP' is any diameter of an ellipse. The tangents at any 
two points 2) and £ intersect in P. PJS, P'D intersect in Q. 
Shew that FO is parallel to the diameter conjugate to POP', 

71. If the common tangent of an ellipse and its circle of cur- 
vature at P be bisected by their common chord, prove that 

CD^^AO.BO. 

72. A parabola and hyperbola have the same focus and direo- 
trixy and 9PQ, is a line drawn through the focus S to meet the 
parabola in P, and the nearer branch of the hyperbola in Q,\ prove 
that PQ varies as the rectangle contained by SP and SQ,, 

78. R is the middle point of a chord PQ of a rectangular 
hyperbola whose centre is C. Through R, RQ,\ RP are drawn 
parallel to the tangents at P and Q reii^>eotively, meeting CQ, 
CP in Q, P', Prove that a circle can be described about O, P', 

74. The tangents at two points Q, Q' of a parabola meet 
the tangent at P in JZ, R' respectively, and the diameter through 
their point of intersection T meets it in JT; prove that PR—KR\ 
and that, if Q,M, Q'M', TN be the ordinates of Q, Q', T re- 
spectively to the diameter through P, PN is a mean proportional 
between PM and PM\ 

75. Conmion tangents are drawn to two parabolas, which 
have a common directrix, and intersect in P, Q: prove that the 
chords joining the points of contact in each parabola are parallel 
to PQf and the pai^t of each tangent between its points of con- 
tact with the two curves is bisected by PQ produced. 

76. An ellipse has its centre on a given hyperbola and 
touches the asymptotes. The area of the ellipse being always a 
maximum, prove that its chord of contact with the asymptotes 
always touches a similar hyperbola. 

77. A circle and parabola have the same vertex A and a 
common axis. BA'O is the double ordinate of the parabola 
which touches the circle at A\ the other extremity of the dia- 
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meter which passes through A ; PP any other ordinate of the 
parabola parallel to this, meeting the axis in N and the chord 
AB prodaoed in R\ shew that the rectangle between RP and 
RP" is proportional to the square on the tangent drawn from N 
to the circle. 

78. If two confocal conies intersect, prove that the centre 
of curvature of either curve at a point of intersection is the pole 
of the tangent at that point with regard to the other curve. 

79. Tangents are drawn at two points P, P' on an ellipse. 
If any tangent be drawn meeting those at P, P' in R^ R!y shew 
that the line bisecting the angle RSR' intersects RR' on a fixed 
tangent to the ellipse. Find the point of contact of this tangent. 

80. Having given a focus and two tangents to a conic, 
shew that the chord of contact passes through a fixed point. 

81. Having given a pair of conjugate diameters of an ellipse, 
PCP*^ BCUy let PP be the perpendicular from P on CD, in PP 
take PE equal to CD, bisect GE in 0, and on GE as diameter 
describe a circle; prove that PO will meet the circle in two 
points Q and R such that GQ,y GR are the directions of the semi- 
axes, and PQ, PR their lengths. 

82. If from any point A a straight line AEK be drawn 
parallel to an asymptote of an hyperbola, and meeting the polar 
of ^ in iT and the curve in E^ shew that AE^EK, 

83. The foci of all ellipses which have a common maximum 
circle of curvature at a fixed point lie on a circle. 

84. A straight line is drawn through the angular point A 
of a triangle ABC to meet the opposite side in a; two points 
0, O' are taken on Aa^ and (70, GCy meet ^^ in c and d, and 
BO^ BO' meet GA in 6, V ; shew that a conic passing through 
abh'cef will be touched by BG. 

85. If TP, TQ are two tangents to a parabola, and any 
other tangent meets them in Q and R, the middle point of Q^ 
desoribeB a straight line. 

86. Lines from the centre to the points of contact of two 
parallel tangents to a rectangular hyperbola and concentric circle 
make equal angles with either axis of the hyperbola. 



MisceUcmeous Problems. 261 

87. A line moves between two Unen at right angles so as to 
subtend a right angle and a half at a fixed point on the bisector 
of the right angle ; prove that it touches a rectangular hyperbola. 

88. Two cones, whose vertical angles are supplementary, 
are placed with their vertices coincident and their axes at right 
angles, and are cut by a plane perpendicular to a common gene- 
rating line ; prove that the directrices of the section of one cone 
pass through the foci of the section of the other. 

89. The normal at a point P of an ellipse meets the curve 
again in P*, and through 0, the centre of curvature at P, the 
chord Q,OQ,' is drawn at right angles to PP' ; prove that 

QO.OQ! : PO,OP' :: 2.P0 : PP', 

90. From an external point T, tangents are drawn to an 
ellipse, tfie point of contact being on the same side of the major 
axis. If the focal distances of these points intersect in M and 
Ni TMf TN are tangents to a confocal hyperbola, which passes 
through M and N, 

91. A point moves in a plane so that the sum or difference 
of its distances from two fixed points, one in the given plane and 
the other external to it, is constant. It will describe a conic^ 
the section of a right cone whose vertex is the given external 
point. 

92. QR, tonching the ellipse at P, is one side of the 
parallelogram formed by tangents at the ends of conjugate 
diameters ; if the normcd at P meet the axes in Q and g, prove 
that QQ and Mg are at right angles. 

93. If PP* be a double ordinate of an ellipse, and if the 
normal at P meet CP' in 0, prove that the locus of is a similar 
ellipse, and that its axis is to the axis of the given ellipse in the 
ratio 

94. If SY^ HZ be focal perpendiculars on the tangent at 
P of an ellipse, and ST^ HZ' perpendiculars on the tangents 
from P to a confocal ellipse, prove that the rectangle contained 
by YTfZZ', is equal to the difference of the squares on the semi- 
axes. 

95. If from any point P of an hyperbola perpendiculars 
PE, PF be let fall on the asymptotes, the centre of the circle 
circumscribing the triangle PEF is on a fixed hyperbola. 
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96. A chord of a oocio whose pole is 7 meets the direotrices 
in R and B^\ if 8R and 8R meet in Q, prove that the minor 
axis biseets TQ. 

97. On a parabola, whose foens is 8, three points Q, P, Q' 
are taken snch that the angles PSQ, PSQ' are equal; tlra 
tang^it at P meets the tangents at Q, Q' in T, 2* : shew thai 
TQ : r<y :: 8Q : SQ^. 

98. If from any point P of a parabola perpendiculars PN, 
PL are let fall on the axis and the tangent at the yertex, the 
line LN always tonches another parabola. 

99. PQ is any diameter of a section of a cone whose vertex 
is V; prove that VP+VQ is constant. 

100. From a fixed point are let fall perpendiculars OY, 
OZ on the tangent and normal at any point P of a curve ; and 
the straight line joining the feet of these perpendiculars passes 
through another fixed point C ; prove that the curve is one of 
a system of confocal conies. 

101. If the axes of two parabolas are in the same direction 
their common chord biBeots their common tangents. 

102. If a chord PQ, of a parabola, whose pole is T, cot 
the directrix in P, the tangents from F bisect the angle PFT, 

103. A circle is described touching the asymptotes of an 
hyperbola and having its centre at the focus. A tangent to 
this circle cuts the directrix in P, and has its pole with regard 
to the hyperbola at T, Prove that TF touches the circle. 

104. Two conies have a common focus : their correspond- 
ing directrices will intersect on their common ehord7at a point 
whose focal distance is at right angles to that of the intersection 
of their common tangents. Also the parts into which either 
common tangent is divided by their common chord will subtend 
equal angles at the common focus. 

If the conies are parabolas, the inclination of their axes will 
be the angle subtended by the common tangent at the common 
focus. 

105. Prove that a <diord of a circle which subtends a right 
angle at a fixed point always touches a conic, whose focus is at 
that point. 



MiscManeous Probkms, 263 

106. Find the positioii of the normal chord which cuti ofi 
from a parabola the least segment. 

107. A system of conies have a common foons S and a 
common directrix corresponding to S, A fixed straight line 
through 8 intersects the conies, and at the points of intersection 
normals are drawn. Prove that these normals are all tangents 
to a parabola. 

108. From the point in which the tangent at any point P 
of an hyperbola meets either asymptote perpendiculars PM, FN 
are let fall upon the axes. Prove that MN passes through P. 

109. If two parabolas whose latera recta have a constant 
ratio, and whose fool are two given points S, S^ have a contact 
of the second order at P, the locus of P is a circle. 

110. In the construction of Art. 216, prove that CK* and 
CK are respectively equal to the sum and difference of the semi- 
axes. 

111. If the diagonals of a quadrilateral circumscribing a 
conic intersect in a focus, they are at right angles to one 
another, and the third diagonsd is the corresponding direc- 
trix. 

112. Given a tangent to an ellipse, its point of contact, 
and the director circle, construct the ellipse. 

113. If the tangent at a point P of an ellipse meet the 
auxiliary circle in Q', JB', and if Q, i2 be the corresponding points 
on the ellipse, the tangents at Q and R pass through the point 
P' on the auxiliary circle corresponding to P. 

114. If two ellipses have one common focus S and equal 
major axes, and if one ellipse revolves in its own plane about 
Sf the chord of intersection envelopes a conic confocal with the 
fixed ellipse. 

115. If a rectangular hyperbola be intersected by a circle 
of any radius whose centre is at a fixed point on one of the axes 
of the curve, the lines joining the points of intersection are 
either parallel to an axis, or tangents to a fixed parabola. 

116. CP, CD are semi-conjugate diameters of an ellipse ; 
if the circles of curvature at P and D meet the curve again in 
Q and B, QD is parallel to PB. 
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117. The tangent at the point P of an hyperbola meets 
the directrix in Q ; another point B is taken on the directrix 
such that QR snbtends at the focns an angle equal to that 
between the transverse axis and the asymptote ; prove that RP 
envelopes a parabola. 

118. The tangent at any point P of an ellipse meets the 
axis minor in T and the focal distances SP, HP meet it in i2, r. 
Also 8T, HTj produced if necessary, meet the normal at P in 
Q, qt respectively. Prove that Qr and qR are parallel to the 
axis major. 

119. Two points describe the circumference of an ellipse, 
with velocities which are to one anotlier in the ratio of the 
squares on the diameters parallel to their respective directions 
of motion. Prove that the locus of the point of intersection of 
their directions of motion will be an ellipse, confocal with the 
given one. 

120. If AA* be the axis major of an elliptic section of a 
cone, vertex F, and if AG, A'G' perpendicular to AV^ A'V meet 
the axis of the cone in Q and 0\ and 00, 0*0' be l^e perpen- 
diculars let fall on A A', prove that and 0' are the centres of 
curvature at A and A'. 

121. By help of the geometry of the cone, or otherwise, 
prove that the sum of the tangents from any point of an ellipse 
to the circles of curvature at the vertices is constant. 

122. If two tangents be drawn to a section of a cone, and 
from their intersection two straight lines be drawn to the points 
where the tangent plane to the cone through one of the tangents 
touches the focal spheres, prove that the angle contained by 
these lines is equal to the angle between the tangents. 

123. A parabola touches the three lines CB, CA, AB in 
P, Q, JR, and through R a line parallel to the axis meets RQ in 
£; shew that ABEC is a parallelogram. 

124. If a conic be inscribed in a quadrilateral, shew that the 
locus of its centre is a straight line. 

Shew also that this line passes through the middle points of 
the diagonals. 

125. If two circles be inscribed in a conic, and tangents be 
drawn to the circles from any point in the conic, the sum or 
difference of these tangents is constant, according as the point 
does or does not lie between the two chords of contact. 
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126. If CPt CD are conjugate semi-diameters and if through 
C is drawn a line parallel to either fooal distance of P, the 
perpendicular from D upon this line will he equal to half the 
minor axis. 

127. The area of the parallelogram formed by the tangents 
at the ends of any pair of diameters of a central conic varies in- 
Tersely as the area of the parallelogram formed by joining the 
points of contact. 

128. Two tangents to an hyperbola from T meet the direc- 
trix in P and JP" ; prove that the circle, centre 7*, which touches 
8F, SP^f meets the directrix in two points the radii to which 
from the point T are parallel to the asymptotes. 

129. If T is the pole of a chord of a conic, and P the. inter- 
section of the chord Qq with the directrix, TSP is a right angle. 

130. The polar of the middle point of a normal chord of a 
parabola meets the focal vector to the point of concourse of the 
chord with the directrix <m the normal at the further end of the 
chord. 

131. Shew how to draw through a given point a plane 
which will have the given point for (1) focus, (2) centre, (3) 
vertex, of the section it makes of a given right circular cone: 
noticing any limitations in the position of the point which may 
be necessary. 

132. If two sections of a right circular cone have a common 
directrix, the latera recta are in the ratio of their eccentricities. 
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Oreok Vene Ck>mpoBltion. By G. Preston, M.A. 5th Edition. 

Crown 8to. is, 6d. 
Ghroek Partioles and their Combinations according to Attic Usage. 

A Short Treatise. By F. A. Palej, M.A., LL.D. 28. 6d. 

Rudiments of Attic Construotion and Idiom. By the Bev, 

W. 0. Oomptoni M.A., Assistant Master at Uppingham School. Ss. 
Antholo^ QrsBca. A Selection of Choice Greek Poetry, with Notes. 

By F. St. John Thackeray. Uh and Chsaper Edition, 16mo. 48. 6d. 
Anthologia Latina. A Selection of Choice Latin Poetry, from 

Hnyiiu to BoSthins, with Notes. By Bey. F.St. J. Thackeray. 5th Edition. 

Ifiino. 4s. 6d. 

TRANSLATIONS, SELECTIONS, &o. 

*«* Many of the following hooks are well adapted for School Prizes, 

AeichyluB. Translated into English Prose hy F. A. Paley, M.A^^ 

LL.D. 2nd Edition. 8to. 78. 6d. 
Translated into English Verse hy Anna Swanwiok. 4th 

Edition. Post 8yo. fis. 
Horace. The Odes and Carmen Sfficolare. In English Yerse by 

J. Oonington, M.A. 10th edition. Foap. 8vo. 58. 6d. 
The Satires and Epistles. In English Yerse by J. Coning- 

ton, M.A. 7th edition. 6s. 6d. 
Plato. Gorgias. Translated by E.M. Cope, M.A. 8vo. 2nd Ed. 7«. 
'^— Philebus. Trans, by F. A. Paley, M. A., LL.D. Sm. 8vo. 4«. 
' ThecetetuB. Trans. byF.A.Paley,M.A.,LL.D. Sm.Svo. 4«. 

—^ Analysis and Index of the Dialogues. By Dr. Day. PostSvo. 5s. 
Sophocles. Oedipus Tyrannus. By Dr. Kennedy. Is, 
—— The Dramas of. Rendered into English Yerse by Sir 

George Yonng, Bart., M.A. Svo. 128. 6d. 

Theoorltiu. In English Yerse, by C. S. Calverley, M.A. New 
Edition, revised. Grown 8yo. 78. 6d. 

Tranalationa into English and Latin. By C. S. Calyedey, M.A. 

Post Svo. 78. 6d. 
Translations into English, Latin, and Greek. By B. C. Jebb, Litt. D,, 

H. Jackson, Litt.D., and W. E. Gnrrey, M.A. Second Edition. 8s. 
Extracts for Translation. By B. C. Jebb, Litt. D., H. Jackson, 

Litt.D., and W. E. Gnrrey, M.A. 48. 6d. 

Between Whiles. Translations by Bev. B. H. Kennedy, D.D. 

2nd Edition, revised. Orot?n Svo. hs. 

Sabrinae Corolla in Hortulis Regiae Scholae Salopiensia 

Oontexuemnt Tres Yiri Floribns Legendis. Fourth Edition, thoroughlf 
Bevised and Rearranged. Large post Sv^o. 108. 6d. 



REFERENCE VOLUMES. 

A Ziatln Qramznar. By Albert Harkness. Post 8yo. 6«. 

By T. H. Key, M.A. 6th Thousand. Post 8to. 8<. 

A Short Latin arammar for Sohoola. By T. H. Key, M.A. 

F.B.S. 16th Edition. Post Svo. Ss. 6d. 

▲ GKdde to the Ohoioe of OlasBical Books. By J. B. Mayor, M.A. 

Srd Edition, Crown Svo. 4t. 6d. 
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ThA Theatre of the Orceki. By J. W. DonalcUKm, D.D. 10th 

BditUm. PoftSvo. 5t. 

XelghtleT*! Mythology of Greeoe and Italy. 4th Editioa. fif. 



CLASSICAL TABLES. 

Latin Aooidence. By the Bey. P. Frost, M.A. 1«. 

Latin Vertdfioation. U, 

Motabllla Qiuedam; or the Prinoipal Tenses of mpst of the 

Imgalar Greek YerbB and BlonwiLtary Gkeek, lAtin, and Franeh Oaar 
stmotion. New Edition. It. 

Biohmond Rules for the OvldlanDlitlohiAo. By J. Tate, K.A. U. 

The Prlnolples of Latin Syntax. 1«. 

Ghreek Verbs. A Gatalogae of Terbs, IrregulAr and Defeotive. By 

J. S. Baird, T.O.D. 8tli Edition. 28. 6cl. 

Oreek Aooents (Notes on). By A. Bany, D.D. New Edition. It. 
Hemerlo Dlaleot. Its Leading Forms and Peonliarities. By J. S. 

Balrd,T.O.D. New Edition, by W. G. Rutherford, LL.D. U, 

Gfeek Aooldenoe. By the Bey. P. Frost, M.A. New E^tion. 1«. 



CAMBRIDGE MATHEMATICAL SERIES. 

Arithmetio for Sohools. By G. Pendlebury, M.A. 4th Edition, 
stereotyped, with or without answers, 4ti. 6d. Or in two parts, with or 
without answers, 28. 6d. each. Part 2 contains the Commercial Arithmetic. 

Examples (nearly 8000), without answers, in a separate toL Ss. 
In use at St. Paul's, Winchester, Wellington, Charterhouse, Merchant 
Taylors', Christ's Hospital, Sherborne, Shrewsbury, &c. &c. 

Algebra. Choice and Chance. By W. A. Whitworth, M.A. 4th 

Edition. 68. 
Euclid. Books I.-VI. and part of Books XI. and XU. By H. 

Deighton. 48. 6d. Key (for Tutors only), 58. Book I., Is. Books I. and 

XL, l8. 6d, Books I.-IIL, 38. 

Euclid. Exercises on Euclid and in Modem Geometry. By 

J. McDowell, M.A. 8rd Edition. 68. 
Trigonometry. By J. M. Dyer, M. A., and Bev. B. H. Whitcombe, 

M.A., Assistant Masters, Eton College. iln the press. 

Trigonometry. Plane. By BeT.T.yyTyan,M.A. SrdEdit 8f.6(i 
Qoometrical Oonio Sections. By H. G. Willis, M.A. 58, 

Oonios. The Elementary Geometiy of. 6th Edition, revised and 

enlarged. By C. Taylor, D.D. 48. 6d. 
Solid G^eometry. By W. S. Aldis, M.A. 4th Edit, revised. 6f. 
Gtoometrioal Optics. By W. S. Aldis, M.A. 3rd Edition. 4«. 
Rigid Dynamics. By W. S. Aldis, M.A. 4«. 
Elementary Dynamics. ByW.Garnett,M.A.,D.C.L. 5th Ed. 6ff. 
Dynamics. A Treatise on. By W. H. Besant, ScD., F.B.S. 7«. M. 
Heat. An Elementary Treatise. By W. Garnett, M.A, D.C.L. 5th 

Edition, revised and enlarged. 48. 6d. 
Elementary Physics. Examples in. By W. Gallatly, M.A. 4s, 
Hydromeohanios. By W. H. Besant, Sc.D., F.B. S. 4th Edition. 

Part I. Hydrostatics. 5s. 

Mathematical Examples. By J. M. Dyer, M.A., Eton College, 

and B. Prowde Smith, M.A., Cheltenham College. 08. 

Meohanics. Problems in Elementary. By W. Walton, MA.. 6«. 
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CAMBRIDGE SCHOOL AND COLLEGE 

TEXT-BOOKS. 

A Series of Elementary TreatUes for the use of Students. 

Arithmetlo. By Bey.G.Elsee, M.A. Fcap. 8yo. 14th Edit. 8s, Sd, 

By A. Wrigley, M. A. 3s. 6i. 

A Progressive Gonrse of EzAmples. With Answers. By 

J. Watson, M.A. 7th Edition, revised. Bj W. P. Goudie, B. A 28. 6d. 

Algebra. By the Bev. G. Elsee, M.A. 7th Edit. 4s. 

Progressive Gonrse of Examples. By Bev. W. F. 

M*Miohael,M.A.,andR.Prowde Smith. M.A 4th Edition. Ss. 6d. With 
Answers. 4s. 6d, 

Plane ABtronomy. An Introduction to. By P. T. Main, M.A. 

6th Edition, revised. 4s. 

Conic Sections treated Geometrically. By W. H. Besant, Sc.D. 
7th Edition. 48. 6d. Solution to the Examples. 48. 

Enunciations and Figures Separately. Is. Qd. 

Statics, Elementary. By Bev. H. Qoodwin, D.D. 2nd Edit. Bs. 

HydrostatioB, Elementary. By W. H. Besant, Sc.D. 13th Edit. is. 

Solutions to the Problems. [In the press. 

Mensuration, An Elementary Treatise on. By B.T.Moore, M.A. 3<.6d 

Newton's Prlncipia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M JL 8th 
Edition, by P. T. Main, M.A 48. 

Aiialytioal Geometry for Schools. ByT.G.Vyvyan. 5th Edit. 4«. 6(2. 

Oreek Testament, Gompanion to the. By A. G. Barrett, M.A. 
5th Edition, revised. Ecap. 8vo. 58. 

Book of Oommon Prayer, An Historical and Explanatory Treatise 
on the. By W. G. Humphry, B.D. Gth Edition. Foap.8vo. 28. 6d. 

Music. Text-book of. By Professor H. G. Banister. 14th Edition, 
revised. 5s. 

Goncise History of. By Bev. H. G. Bonavia Hunt, 

Mns. Doc. Dublin. 11th Edition, revised. Ss. 6d. 

ARITHMETIC AND ALGEBRA. 

See also the two foregoing Series. 
Elementary Arithmetic. By C, Pendlebury, M.A., and W. S. 

Beard. Grown 8vo. Is. 6(2. 

Arithmetic, Examination Papers in. Gonsisting of 140 papers, 
each containing: 7 questions. 357 more difficult problems follow. A col- 
lection of recent Public Examination Papers are appended. By C. 
Pendlebury, M.A. 2s. 6d. Key, for Masters only, 5s. 

Graduated Exercises in Addition (Simple and Gompound). By 
W. S. Beard, Assistant Master, Christ's Hospital. Is. 
The Answers sent free to Masters only. 

BOOK-KEEPING. 

Book-keeping Papers, set at various Public Examinations. 
GoUected and Written by J. T. Medhnrst, Lecturer on Book-keeping is 
the Oity of London College. 3«. 

a2 
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GEOMETRY AND EUCLID. 

Euclid. Books L-YI. and part of XL and XII. A New Trans- 
lation. By H. Deighton. (8ee p. 8.} 

. The Definitions of, with Explanations and Exercises, 

and an Appendix of Exercises on the First Book. By B. Webb, M.A. 
Grown Qro, Is. 6d. 

>■ Book I. With Notes and Exercises for the use of Pre- 



paratory Schools, &C. By Braithwaite Amett, M.A. 870. 4s. 6d. 

The First Two Books explained to Beginners. By C. P. 



Mason, B.A. 2nd Edition. Foap. Sto. 2s. 6d. 

The SSnimoiationB and Flguzes to Euclid's Elements. By Bev. 
J. Brasse, D.D. New Edition. Fcap. 8to. Is. Without the Figiures, 6d. 

Exercises on Euclid. By J. McDowell, M.A. (See p. 8.) 

Geometrical Conic Sections. By H. G. Willis, M.A. (See p. 8.) 

Geometrical Conic Sections. By W. H. Besant, D.Sc. (See p. 9.) 

Elementary Geometry of Conies. By C. Taylor, D.D. (See p. 8.) 

An Introduction to Ancient and Modem Geometry of Conlos. 

By G. Taylor, D.D., Master of St. John's ColL, Gamb. 8to. ISs. 

Solutions of Geometrical Problems, proposed at Si. John's 

Oollege from 1830 to 1846. By T. Gaskin, M A. 8to. 128. 



TRIGONOMETRY. 

Trigonometry. By J. M. Dyer, M.A., and Eev. R. H. Whit- 
combe, M.A. (See p. 8.) 

Trigonometry, Introduction to Plane. By Bey. T. G. Vyvyan, 
G^rterhonse. 3rd Edition. Gr. 8to. Ss. 6d. 

An Elementary Treatise on Mensuration. By B. T. Moore, 

M.A. Ss. 6d. 

Trigonometry, Examination Papers in. By G. H. Ward, M.A., 

Assistant Master at St. Paul's School. Grown Svo. 2s. 6d. 



ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Geometry. By W. P. 

Tumbnll, M.A. Sto. 128. 

Problems on the Principles of Plane Co-ordinate (Geometry. 

By W. Walton, M.A. 8yo. 168. 

Trilinear Co-ordinates, and Modem Analytical Geometry of 

Two Dimensions. By W. A. Whitworth, M.A. Bro, IBs. 

An Elementary Treatise on Solid Geometry. By W. S. Aldis, 

M.A. 4th Edition revised. Gr. 8yo. 6s, 

Elliptic Functions, Elementary Treatise on. ^yA. Gayley, ScD. 

Professor of Pare Mathematics at Gambridge UnlTersity. DemySvo. 15a. 
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MECHANICS & NATURAL PHILOSOPHY. 

statics, Elementary. By H. Gkwdwin, D.D. Fcap. 8yo. 2iicI 

Bditdon. 3b, 
Dynamics, A Treatise on Elementary. By W. Gamett, M.A., 

D.G.L. 5th Edition. OrownSvo. Gs. 

Dynamics. Bigid. By W. S. Aldis, M.A. i$. 

Dynamics. A Treatise on. By W. H. Besant, Sc.D.,F.B.S. 7«. Qd. 

Elementary Mechanics, Problems in. By W. Walton, M.A. New 

Edition. Grown 8yo. 6s. 

Theoretical Mechanics, Problems in. By W. Walton, M.A. 3rd 

Edition. Demy Svo. 168. 

Hydrostatics. ByW.H.Besant,Sc.D. Fcap.Svo. 14th Edition. 4f. 

Hydromechanics, A Treatise on. By W. H. Besant, Sc.D., F.B.S. 
Syo. 4th Edition, revised. Part I. HydroBtatics. 5& 

Hydrodynamics, A Treatise on. Vol. I., lOs. 6d, ; Vol. 11., 12s. 6rf. 
A. B. BasEet, M.A. 

Optics, Gisometrical. By W. S. Aldis, H.A. Grown 8to. 3rd 

Edition. 4s. 

Double Befiraotion, A Chapter on Fresnel*s Theory of. By W. S. 

Aldis, M.A. 8yo. 2s. 

Heat, An Elementary Treatise on. By W. Gkvnett, M.A., D.C.L. 

Grown 8to. 5th Edition. 4s. 6d. 

Elementary Physics. By W. Gallatly, M.A., Asst. Examr. at 

London Uniyersity. 4s. 

Newton's Principia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th 
Edition. Edited by P. T. Main, M.A. 4«. 

Astronomy, An Introduction to Plane. By P. T. Main, M.A. 

Fcap. 8vo. cloth. 6th Edition. 48. 

Practical and Spherical. By B. Main, M.A. Sto. 14s. 

Mathematical Examples. Pure and Mixed. By J. M. Dyer, M.A. , 
and B. Prowde Smith, H.A. 6s. 

Pure Mathematics and Natural Philosophy, A Compendium of 

Facte and Formnhe in. By G. B. Bmalley. 2nd Edition, revised by 
J. McDowell, M.A. Foap. Svo. 3s. 6d. 

Elementary Mathematical Formulse. By the Bey. T. W. Open- 

shaw, M.A. Is. 6d. 

Momentary Ck>urs6 of Mathomattea. By H. Gk>odwin, D.D. 

6th Edition. Svo. 168. 

Problems and Examples, adapted to the * Elementary Course of 

Mathematics.' 3rd Edition. Svo. Ss. 

Solutions of Goodwin's Collection of Problems and Ezamplei. 

By W. W. Hntt, M. A 3rd Edition, revised and enlarged. Svo. 98. 
A Collection of Examples and Problems in Arithmetic, 

Algebra, Geometry, Loprarithms, Trigonometry, Conic Sections, Mechanics, 
&c., with Answers. By Rev. A. Wrigley. 20th Thonsand. 8s. 6d. 
Key. lOs. 6d. 

Science Examination Papers. Part I. Inorganic Chemistry. 
Part II. Physics. By R. E. Steel, M.A., F.C.S., Bradford Gramniai 
School. Crown Svo. 28. 6d. each. 
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FOREIGN CLASSICS. 

A Series for me in Sehooli, with English Notes, grammatical and 
explanatory, and renderings ofdiffiaUt idiomatic expressions, 

Feap. Bvo. 

flcUUer't WallenBteln. By Dr. A. Bnohheim. 5th Edit. Bs, 

Or the Lager and Piooolomini, 28. 6d. WaUenstein's Tod. 2a, 6d. 

MaldofOrleatiB. By Dr. W. Wagner. 2nd Edit. 1«. 6<2. 

Maila Stuart ByY. Eastner. 2nd Edition. 1«. 6d. 

Ooethe'a Hermann and Dorothea. By E. Bell, M.A., and 

E.W5UeL UGd. 

Qerman BalladB, from Uhland, Qoethe, and Schiller. By C. L. 

Bielefeld. 4th Edition. U6d. 
Gharles YTT., par Voltaire. By L. Dir^y. 7th Edition. Is. 6(2. 
▲▼entorea de T616maqae, par F6n61on. By G. J. Delille. 4th 

Edition. 28. 6d. 

Seleet Fables of La Fontaine. ByF.E.A.Gasc. 18th Edit. Is.Qd, 

Floolola, by X.B. Saintine. By Dr.Dnbno. 16th Thoasand. If. 6d. 

laamartine's Le TaiUeur de Fierres de Saint-Point. By 
J. Bolelle. 6th ThouBand. Fcap. 8yo. U 6d. 

Italian Primer. By Bey. A. C. Glapin, M.A. Fcap. 8vo. It. 



FRENCH CLASS-BOOKS. 
F^ranoh GHnunmar for Pablie Sohoola. By Ber. A. G. Glapin, M JL 

IVsap. 8td. 12th Edition, revised. a8.6d. 

Flrenoh Primer. By Bey. A. G. Glapin, M JL Feap. Syo. 8th Ed. If. 
Primer of French Philology. By Bev. A. G. Glapin. Feap. 8yo. 

4th Edit. 1». 
Zae Nonyean Trteor; or, French StadenVs Gompanion. By 

X.B. S. 18th Edition. ]!V»p.8TO. U.6d. 
French Examination Papers in Miscellaneong Grammar and 
Idioms. Compiled by A. M. M. Btedman, M.A. 4th Edition.) ^Crown 
8vo. 28. 6d. 

Key to the aboTe. By G. A. Schrumpf , Uniy. of France. Grown 
8to. 58. (For Teachers or Private Students only.) 

Manual of French Prosody. By Arthur Gosset, M.A. Grown 

8vo. 88. 

Lexicon of Gonyersational French. By A. HoUoway. 3rd 

Edition. Grown 8to. 48. 

PROF. A. BAERERE'S FRENCH COURSE. 

Junior Graduated French Course. Crown 8to. If. 6(2. 
Elements of French Grammar and First Steps in Idiom. 

Crown 8to. 2s. 

Precis of Comparative French Grammar. 2nd Edition. Grown 

8to. Sa. 6d. 



Educational Worki. 18 



F. E. A. GASO'S FBENGH OOUBSB. 

FInt Frenoh Book. Foap. 8yo. 106th Thousand. 1«. 
Saoond Trench Booik. 47th ThooBaad. ^ Feap. 8to. 1«. 6d. 
K«y to First and Second Frenoh Books. 5th Edit. Fop.Sro. Bi.fUL 
nrenoh Fables for Beginners, in Prose, with Index. 16th Thousand* 

ISmo. U.6d. 

Saleot Fables of La FontalnA. 16th Thousand. Fcap.Sro. l«.6d* 
Hlstoires Amusantes et InstrootlTas. With Notes. 16th Thoa- 

land. Fcap. 8vo. 28. 

Fraotloal Guide to Modem Frenoh Oonversatlon. 18th Thoa- 

•and. Fcap. 8yo. la. 6d. 

French Foelvy for the Young. With Notes. 6th Ed. Fop. Syo. St. 
BCaterlals for Frenoh Prose Composition; or, Selections from 

the best Bngliflh ProBO Writen. 19thThoiu. Foap. SrckSt. K«7,Sa. 

Prosateurs Ck>ntemporalns. With Notes. 11th Edition, re- 

Tised. 12ino. Ss. 6d. 

lie Petit Oompagnon; a French Talk-Book for Little Ohildren. 

12th Thonsaiid. lemo. 1<. 6d. 

An Improved Modem Pocket Dictionary of the Frenoh and 

Kngliflh T<ingniigeB. 45thThonaand. 10mo. 28. 6d. 

Modem French-English and FingUsh-Fifench Dlettonary. 4th 

Edition, reyiaed, with new supplements. lOa. 6d. In use at HarroW| 
Rugby, Westminster, Shrewsbnry, &c. 

The ABO Tourist's French Interpreter of all Immediate 

Wants. By F. E. A. Ghuo. U, 

MODERN FRENOH AUTHORS. 

Edited, with Introduotions and Notes, by James BovahLE, Senior 
French Master at Dolwich Oollege. 

Daudet's La Belle Nivemaise. 2«. 6d. For Beginners, 
Hugo's Bug JargaL Ss. For Advanced Students, 
Balzac's Ursule Mlrouet. For Advanced Students, 



GOMBERT'S FRENOH DRAMA. 

Being a Selection of the beet Tragedies and Oomedies of 

Baoine, Corneille, and Voltaire. With Annunents and Notes by A. 
Gombert. New Edition, revised by F. B. A. Gaac IVsap. 8toI U. esehf 

XOLixBB :— Le Misanthrope. L'Avare. Le Bourgeois GentiUumune. Lt 
Tartoffe. Le Malade Imaginaire. Les Femmes Sayantes. Les Fpnrberies 
de Soapin. Les Prtfoieases Bidionles. L'Boole des Femmes. L'Bools des 
liaris. Le MMedn maHgr^ LoL 

Baoxhx :— FhMre. Bsther. Athalie. Iphiflr^nie. Les Flaideus. La 
Thtfbalde; onfLesFr^resEnnemis. Andromaqoe. Britannions. 

P. OoBiTKLLS:— LeOid. Horace. Oinna. Poljenote. 

YoioiAixa :— Zaire. 



14 George Bell and Sans* 



GERMAN CLASS-BOOKS. 
M^teflali for Oemian, Prose Oompotltloii. By I>r. Buohheim. 

ISth Edition, thoroughly reTiaecU IToap. 4c 6d. Key. Parts I. and IL. 8c 
Pto tollL and IV., 4c 

German. The Candidate's Yade Mecnm. Fiye Hundred Easy 
Sentences and Idioms. By an Army Tutor. Cloth, Is. For Army Exams, 

Wortfolge, or Rules and Szerolses on the Order of Woids In 

German Sentencec Bj Dr. F. Stock. Is. 6d. 

A Oerman Oraznmar for Pnblio Schools. By the Bey. A. 0. 
OlapinandF. HoUliaUer. 5th Edition. Foap. 2c 6d. 

A German Primer, with Exercises. By Be v. A. G. Clapin. 

2nd Edition. Ic 

KMietme's Der Geftmgene. With Notes by Dr. W.Stromberg. Is. 
German Examination Papers In Grammar and Idiom. By 

&. J. Morich. 2nd Edition. 2c 6d. Key for Tutors only, 5s. 

By Fbz. Lanoe, Ph.D., Professor B.M.A., Woolwich, Examiner 

in German to the Coll. of Preceptors, and also at the 

Victoria University, Manchester. 

A Concise German Grammar. In Three Parts. Part I., Ele- 
mentary, 2s. Part II , Intermediate, 2s. Part III., AdTanoed,3s. 6d. 

German Examination Oourse. Elementary, 2«. Intermediate, 28, 

Advanced, Ic 6d. 
Genxuui Reader. Elementary, Is. 6d. Adyaaced, 3<. 



MODEBN GEBMAN SCHOOL CLASSICS. 

Small Crown 8yo. 

Hoy's Fabein Fiir Kinder. Edited, with Vocabulary, by Prof. 

F. Lange, Ph.D. Printed in Roman characters. Is. 6d. 

The same with Phonetic Transcription of Text, &g. 28, 

Benedlx's Dr. Wespe. Edited by F. Lange, PhJ). 2«. Qd, 

Hoftnan*s Meister Martin, dor Kiifner. By Prof. F. Lange, Ph.D. 
U6d. 

Heyie's Hans Lange. By A. A. Macdonell, M.A., Ph.D. 28. 
Auerbaoh's Auf Waohe, and Roquette's Der Gtefrorene Kuss. 

9y A. A. Maodonell, M.A. 2s. 

Moser's Der Bibliothekar. By Prof. F. Lange, Ph.D. 3rd Edi- 
tion. 2c 

Ebers* Elne Frage. By F. Storr, B.A. 2«. 

Freytag's Die Joumalisten. By Prof. F. Lange, Ph.D. 2nd Edi- 
tion, revised. 2s. 6d. 

Gutskow's Zopf and Schwert By Prof. F. Jjange, Ph.D. 2<. 
German Epio Tales. Edited by Ear Neohans, Ph.D. 2«. 6d. 
Scheffers Ekkehard. Edited by Doctor Herman Hager. [Shortly, 
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DIVINITY, MORAL PHILOSOPHY, &o. 

Bt THi Bey. F. H. Sgbiyenbb, A.M., LL.D., D.G.L. 
NoTvm Teitamentam Or»oe. Editio major. Being an enlarged 

Bditiont oontaining the Biaadiiigs of Bishop Weetoott and Dr. Hort, anci 
those adopted by the Beyifleni, fto. 7t. 6d. {For othw EdtUiena cm page 3.) 

A Plain Introdaetlon to the OrltloUim of the New Testament 

With TVHy ^l^^^iwl^ftfl ^^ Awwiftnfc y[»nnimrijAML, 8rd BdltiOXU 8T0.188. 

six Zaeotnres on the Text of the Ntow Testament For English 
Beaden. Orown 8?o. 60. 

Oodez BeiflB OantabrigienBis. 4to. 10«. 6d. 



The New Testament for English Readers. By the late H. Alford» 

D.D. VoL I. Part I. 3rd Edit. 12s. Vol. I. Part II. and Bdit 10s. 6d. 
Vol. II. Part I. and Bdit 16s. Vol. H. Part H. and Edit lOs. 

The areek Testament By the late H. Alford, D.D. YoL I. 7ih 

Edit U. 88. Vol. n. 8th Edit. 11. 4t. Vol. HI. 10th Bdit. 18s. Vol. IV. 
PurtI.5thBdit. 18s. Vol. IV. Part n. 10th Edit. 14i. Vol. lY. 11. 12s. 

Oompanlon to the Greek Testament By A. 0. Barrett, M.A. 

5th Edition, revised. Feap. 8to. 6s. 
Guide to the Textual Critioism of the New Testament. By 

Ber. E. Miller, M.A. Orown Svo. 48. 

The Book of Psalms. A New Tranalation, with Introdootiong, Ae. 
By the Venr Bev. J. J. Stewart Perowne, D.D. Sro. Yd. 1. 0th Edition, 
18s. YoL II. eth Edit. 16s. 

Abridged for Schools. 7th Edition. Orown 8to. lOt, 6(2. 



History of the Artioles of Religion. By 0. H. Hardwick. 8rd 

Edition. Poet8TO. 6s. 

History of the Greeds. By J. B. Lomby, DD. 3rd Edition. 

drown 8to. 7s. 6d. 

Pearson on the Greed. Carefnlly printed from an early edition. 

With Analyiifl and Index by E. Walford, M.A. Poet 8vo. 6s. 

ZJtnrgies and Offloes of the Ghuroh, for the Use of English 
Beaders, hi lUustration of the Book of Common Prayer. By the Bev. 
Edward Bnrbidge, M.A. Crown Svo. 9s. 

An Hlstorioal and IBzplanatory Treatise on the Book of 

Common Prayer. By Ber. W. G. Humphry, B.D. 6th Edition, enlarged.. 
Small Port Svo. as. 6a. ; Cheap Edition, Is. 

A Gommentary on the Gtospels, EpistleSi and Aots of the 

Apostles. By Ber. W.Denton, A.M. New Edition. 7 vols. Svo. 9s. each. 

Notes on the Gateohlsm. By Bt Bev. Bishop Bany. 9th Edit. 
Foap. 2s. 

The Wtaiton Ghnroh Oateohlst Qaestions and Answers on the 

Teaching of the Chnroh Catedhiim. By the late Ber. J. 8. B. MonselU 
LI1.D. 4th Edition, doth* 8s. j or ia SV>ur Parts, Mwed. 

The Ohnroh Teaidier^i Manual of Christian Instmotlon. By 

BsT. M. F. Sadler. 39thThonnnd. as.6d. 
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16 George Bell and Sons' 

TECHNOLOGICAL HANDBOOKS. 

Edited by Snt H. Tbuexan Wood, Seoxetaiy of the Society of Arts. 
Dyeing and TlBBue Printing. By W. CrookeB, F3.S. 5«. 

Glau ManufEtotare. By Henry Ghanoe, MX; H. J. Powell, BX; 
and H. G. Harris. 36. 6d. 

Ctotton Spinning. By Biohard Marsden, of BCaaohester. 3rd 
Bdition, reviaed. 6<. 6d. 

Ohemiatry of Coal-Tar Cktloura. By Prof. Benedikt, and Dr. 
Knecht of Bradford Technical College. 2nd Edition, enlarged, ds. 6d. 

Woollen and Worsted Cloth Mana£Eioture. By Roberts Beau- 
mont, Professor at Yorkshire OoU^e, Leeds. 2nd Edition. 7s. 6d. 

Printing. By C. T. Jaoobi. 5f. 

Cotton Weaving. By B. Marsden. [In the press. 

Colour in Woven Design. By Boberts Beaumont. [In the press. 

Bookbinding. By Zaehnsdorf. [Preparing, 

OtJiers in preparaUon,, 



HISTORY, TOPOGRAPHY, &c. 

Borne and the Oampagna. By B. Bum, M.A. With 86 En- 
grarings and 26 Maps and Plans. With Appendix. 4to. 2l8. 

Old Borne. A Handbook for Travellers. By B. Bum, M.A. 
With Maps and Plans. Demy 8to. 58. 

Modem Europe. By Dr. T. H. Dyer. 2nd Edition, revised and 

oontinned. 5 toIs. Demy 8vo. 21. 12s. 6d. 

The History of the Kings of Rome. By Dr. T. H. Dyer. 8vo. 5«. 

The History of Pompeii: its Buildings and Antiquities, By 
T. H. Pyer. 8rd Edition, brought down to 1874. PostSro. 7s. 6d. 

The City of Rome : its History and Monuments. 2nd Edition, 
roTised by T. H. Dyer. 5s. 

Andent Athens: its History, Topography, and Bemains. By 
T. H. Dyer. Saper-royal 8vo. Oloth. Ts. 6cL 

The Decline of the Roman Republio. By G. Long. 6 vols. 

Syo. 58. each. 

Historical Maps of England. By 0. H. Pearson. Folio. 3rd 

Edition revised. Sis. 6d. 
England in the Fifteenth Century. By the late Bev. W. 

Denton, M.A. Demy 8vo. 128. 

History of England* 1800-46. By Harriet Martineau, with new 

and oopions Index. 5 toIs. Ss. 6d. each. 

Praotioal Synopsis of English History. By A. Bowes. 9th 

Edition, reyised. 8to. Is. 
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Urei of the Queeiui of Bngland. By A. Strickland. Library 

BditioB, 8 toIb. 78. 6d.' each. Cheaper Edition, 6 toIb. 58. eadh. Abridged 
Bdition, 1 vol. 68. 6d. Mary Queen of Scots, 2 vols, fin each. Tudor and 
Btnart PrinoeBses, Ss. 

IBglnhard's Life of Karl the Great (Charlemagne). Translated, 

with Notes, 1^ W. Ghlaister, M.A., B.O.Ii. Grown 8vo. 48. 6d. 

The Slementi of General History. By Prof. Tytler. New 

BditioB, brought down to 1874. Small Post 8vo. 88.6d. 
History and Geography Examination Papers. Compiled by 

C. H. Spenoe, M.A., Clifton College. Crown 8yo. 28. 6d. 



PHILOLOGY. 

WXBSTSB'S DIOTIONABT OF THE ENGLISH LAN- 

aUAQB. With Dr. Mahn's Elymology. 1 vol. 1888 pagw, 9000 IIIub. 
trations. 81<. ; half ealf, SOs. ; calf or half nuuda, Sla. 6d. j ruraia, 21. 
With Appendices and 70 additional pages of Illustrations, 1919 pages, 
818. 6d. ; half calf, 21. ; calf or half ruBsia, 21. 28.; ruBsia, 21. IOb. 

•Thx BssTFBAcncALBveLZBHDionoHABT iXTAVT.*— <)uart8rIyiZ0oieio,187Si 

Proflpectuses, with specimen pages, post free on application. 

Brief History of the English Language. By Prof. James Hadl^, 

LL.D., Yale College. Foap. 8to. Is. 

The Elements of the English Language. By B. Adams, Ph.D. 

24th BSdition, revised and enlarged by J. F. Dayis, D.Lit. Poet 8to. 
48. 6d. 

Synonyms and Antonyms of the English Language. By Ardh- 

deaoon Smith. 2nd Bdition. Post8ro. 58. 

Synonyms Discriminated. By Arohdeaoon Smith. Demy 8yo. 

4th Edition. 148. 

Bible English. Chapters on Words and Phrases in the Bible and 

Prayer-boolc By Ber. T. L. O. Davies. 2nd Bdition reyised, in the press. 

The Qneen's English. A Mannal of Idiom and Usage. By the 
late Dean Alford. 0th Edition. Foap.8TO. Is. sewed. Is. 6d. doth. 

A History of English Rhythms. By Edwin Gnest, M. A., D.C.L. , 
LL.D. New Edition, by Professor W. W. Skeat. Demy Syo. 188. 

Elements of ComparatLve Grammar and Philology. For Use 
in Schools. By A. C. Price, M.A., Assistant Master at Le«ds Grammi^ 
SchooL Crown 8vo. 28. 6d. 

Questions for Examination in English Literature. By Prof. 

W. W. Skeat. 8rd Edition. 28. 6d. 

A Syrlae Grammar. By G. Phillips, D.D. 8rd Edition, enlarged. 
8vo. 78. 6d. 
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ENGLISH CLASS-BOOKS. 

OomparatiTe Ghrammar and Philology. By A. 0. Price, MA., 

Assistant Master at Leeds Grammar School. 2s. 6d. 

The IBlementa of the Bngliih Langnage. By B. Adams, PhJ). 

21ith BditUm, rerised and enlarged by J. F. Davis, D Lit. Post 8to. 4c %L 

The BudJmenta of IBngllah Ghrammar and Analyali. By 

£. Adams, PIlD. I7th Thousand. Foap. 8to. Ij. 

A OonolBe System of Pandng. By L. E. Adams, B.A. 1«. 6<l. 
General Knowledge Examination Papers. Compiled by 

A. M. M. Stedman, M.A. 2s. 6d. 

Examples for Grammatical Analysis (Verse and Prose). 8e- 
leoted, &c., by F. Edwards. New edition. Cloth, Is. 

Notes on Shakespeare's Plays. By T. Duff Barnett, BJL 

MlDSUKMEB N I«HT'B DEXAK, Is. ; JULItJB OjSBAK, Is. ; HbNBT Y., U. ; 

TsicpxBT, Is. ; Magbbth, Is. ; M bbchakt of Teitics, Is. ; Hamlet, Is. ; 

BiCKABD II., Is. ; ElKd JOHir, Is. 

By 0. p. Masoh, Fellow of Univ. Coll. London. 
Flnt Notions of Ghrammar for Tonng Learners. Fcap. Sro. 

57th Thousand. Oloth. ML 

First Steps in English Ghrammar for Jmiior Classes. Demy 

ISmo. 49th Thousand. It. 

Outlines of English Ghrammar for the Use of Jmiior Classes. 

77th Thousand. Grown 8to. 2a. 

English Ghrammar, inAin^ing the Principles of Grammatiesl 

Analysis. 32nd Edition. 131st to 186th Thonsand. Grown 8to. 8s. 6d. 
Praotioe and Help in the Analysis of Sentences. 28, 
A Shorter English Ghrammar, with oopioos Exercises. 84th 

to 38th Thousand. Grown Sra Ss. 6d. 

English Grammar Praotioe, being the Exercises separately. It. 

Code Standard Grammars. Parts L and n., 2d. each. Parts IILi 
IV., and v., 8d. eaoh. 

Elementary Mechanics. By J. C. Horobin, B.A., Principal of 

Homerton Training GoUege. In Three Parts. [In the i>res8. 

Notes of Lessons, their Preparation, <te. By Jos6 Bidkard, 
Park Lane Board School, Leeds, and A. H. Taylor, Bodley Boaxd 
School, Leeds. 2nd Edition. Grown Sto. 2s. 6d. 

A Syllabic System of Teaching to Read, combining the adyaa- 

tages of the ' Phonic ' and the ' Look-and-Say ' Systems. Grown 8yo. Is. 

Practical Hints on Teaching. By Bey. J. Menet, M Jl 6th Edit. 

reyisecL Grown 8ro. paper, 2s. 

Test Lessons in Dictation. 4th Edition. Paper cover, 1«. 6d. 
Picture Sohool-Books. In Simple Lsngiiage« with nmneKNui 

Illustrations. Bi^al Khno. 

The Infant's Primer. Sd.— School Frimflr. Sd.— School Beadw. By J. 
Tilleard. Is.— Poetry Book tor Sdhools. Is.— The Life of JoBeph. Is.— The 



Scripture Parablee. Bythe BeT._J. B^JSlarke. Is.— The SociptiirB Iffinwlea, 

IVood, M.A. Is.— The Old Testament History, aw 
Wood, M.A. U.— The Life of Martin Luther, ^y Sarali Orompten. 1«. 



By tile Bey. J. B. Glarke. Is.— The New Testament History. By the Ber. 
J. G. Wood, M.A. Is.— The Old Testament History. By the Ber. J. O. 
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BOOKS FOR YOUNQ READERS. 

A Series qfReadvtig Boohs designed to facilitate the acquisition qfthepoweir 
of Reading hy very young Children^ In 11 vols, limp cloth, M. each. 

Those with an asterisk have a Frontispiece or other Illiistrations. 

*The Old Boathouse. Bell and Fan; or, A Cold Dip. 

*Tot and the Cat. A Bit of Cake. The Jay. The 

Black Hen's Nest. Tom and Ned. Mrs. Bee. \ Sultatit 

*The Cat and the Hen. Sam and hli Dog Bedl^g. / * & 

Bob and Tom Lee. A Wreck. I *»vo»»m. 

*The New-born Lamb. The Rosewood Box. Poor 

Fan. Sheep Dog. 
*The Two Parrots. A Tale of the Jubilee. By M. E. ^ 

Wintle. 9 Illnstrationg. 

*The Story of Three Monkeys. 

♦Story of a Oat Told by Herself. fluttoN, 

The Blind Boy. The Mute OirL A New Tale of ) /or 

Babes in a Wood. / Standards 

The Dey. and the Knight. The New Bank Note. ^'^^ 

The Boyal Vint. A Eingr's Walk on a Winter's Daj. 
*Queen Bee and Busy Bee. 

*aull's Crag. J 

Syllabic Spelling. By C. Barton. In Two Parts. Infants, Zd, 

standard I., 3d. 

Helps' Course of Poetry, for Schools. A New Selection from 
the English Poets, carefnUv compiled and adapted to the several standazda 
by B. A. Helps, one of H.M. Inspectors of Schools. 

Book I. Infants and Standards I. and II. 134 pp. small 8vo. 9d* 

Book II. Standards III. and lY. 224 pp. crown 8to. 1«. 6d. 

Book III. Standards y., YI., and YII. 852 pp. post Svo. 28. 

Or in PARTS. Infants, 2d. i Standard L, 2d. j Staadaxd 11.. 2«L 
Standard III., 4d. 



GEOGBAPHIOAL SEBIES. By M. J. Babbingtoh Wabd, MJl. 

With JUvstratifms, 

The Map and the Compass. A Beading-Book of Geography, 

For Standard I. New Edition, rerised. 8d. doth. 
The Bound World. A Beading-Book of Geography. For 

Standard II. B>eyiBed and enlarged. lOd. 

About England. A Beading-Book of Geography for Standard 
III. ilnthspnn. 

The Child's Ckography. For the Use of Sohools and for Home 

Tuition. 6d. 

The Child's Geography of England. With Introductory Ezer- 
dses on the British Isles and Empire, with Qnestions. 28. QA, Withoat 
Questions, 2s. 

Geography Xzamination Papers. (See History and Geography 

Papers, p. 12.) 



20 George Bell and Sons' Educational Works. 
BELL'S READING-BOOKS. 

FOB BOHOOLB AND PAROCHIAL LIBBABIES. 

N9wBead/y, PottSvo. 8tT<ynglyh(mndin cloth, la, each, 

*Life of Oolumbtts. 

•GMmm'B Oennan Talet. (Selected.) 

*Aiid«nen'B DttDlBh Tales, ninstrated. (Selected.) 

Great Sngllahmen. Short LiTea for Young Ghildien. 

Ghreat ISngliBhwomen. Short Lives of. 

Great Scotsmen. Short Lives of. 

Parables from Nature. (Selected.) ByMrB.Gatt7. 

Sdgeworth's Tales. (A Selection.) 
*PoorJaok. By Gapt. Marryat, B.N. (Abridged.) / 

*8ootf 8 Talisman. (Abridged.) \ 

*Frlends in Fur and Feathers. By Ghvynfiyn. 
*Poor Jack. By Captain Marzyat, B.N. Abgd. 
*Masterman Ready. ByOapt Ifanyat. Sins. (Abgd.) 
Lamb's Tales from Shakespeare. (Selected.) 
•aulliyer's Travels. (Abridged.) 
*Bobtnsoii Omsoe. ninstrated. 
* Arabian Nights. (A Selection Bewritten.) ) 

*Dickens's Llttte Nell. Abridged from the ' The Old 

Curiosity Shop.' 

•The Vicar of Wakefield. 

*Settlers in Oanada. By Gapt. Marryat. (Abridged.) 

ICarle: Glimpses of Life in France. By A. B. EUis. 

Poetry for Boys. Selected by D. Monro. 
*Soathey's Life of Nelson. (Abridged.) 
*Life of the Dnke of Wellington, withMaps and Plans. 
*Sir Roger de Ctoverley and other Essays from the 

Spectator. 

Tales of the Coast By J. Bmidman. 

* TktM FoltMiiM an IllttaCrat«d. 
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BtandardM 



Standards 



Uniform with thi Series, in lin^ doth, 6(2. each. 

Shakespeare's Plays. Eemble's Beading Edition. With Ex- 
planatory NotM for Sohool Use. 

JULIUS C^SAB. THB MBBCHANT OF YEmCB. KINO JOHN. 
HBNBY THB FIFTH. liACBBTH. AS YOU LIKB IT. 



London : OEOROE BELL ft 80NS| York Street| CoYent Garden. 
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The only authorized and 

complete edition of 

''Webster." 



2,1 18 / WEBSTER'S 
pages. \ lOTERNAnOKAL 

DicnoKARsr 



3.500 

woodcuts. 



Price £1 us, 6d. 

The Standard in our Postal Telegraph Department. 

The Standard in the U.S. Government Printing Office. 

^* It has all along kept a leading position/' 

The Times. 

" Certainly the best practical dictionary extant." 

Quarterly Review, 

Prospectuses sent free on application. 



London : G. Bell & Sons. 




